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Abstract
Expressions describing the absorption by water vapor near its two lowest rotational
spectral lines (22. 235 GHz and 183. 310 GHz) have been developed. These expressions
are used to investigate the absorption from model and real atmospheres. Absorption
measurements taken near the lower frequency line are compared with computed spectra
based on data from simultaneous nearby radiosonde ascents. Comparable spectra
occur only on days of high static stability. The spectral spike which excessive strato-
spheric water vapor might produce was searched for, but not found, in the observed
absorption data. Under reasonable assumptions about the distribution of water vapor in
the stratosphere, this result follows. A method for determining integrated water vapor
using zenith opacity at several frequencies has been derived and evaluated. Estimations
within 5% of the true values are consistently obtainable. Finally, the statistical scheme
of C. D. Rodgers (Clarendon Laboratory) for inverting spectral data in order to obtain
the vertical distribution of water vapor has been evaluated for 34 radiosondes from
Boston and vicinity. The procedure is shown to be stable against a variety of errors in
the data and statistical assumptions.
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I. INTRODUCTION
Important advances in numerical weather prediction have occurred during the last
fifteen years. They have paralleled the introduction and rapid improvement of electronic
computing machines. Indeed, the advances of both are inextricably related.
The pace of improvement in electronic computers has not slackened. It is reason-
able to expect that microelectronics and other innovations will increase the capacity,
speed, and versatility of future machines. Numerical weather prediction, however,
appears to be on a plateau of achievement that will be substantially unaltered by new
opportunities provided by computer technology. It has become apparent that the limiting
factor for predicting future weather events (somewhere near two or three days in
advance at the present time) is not the speed or capacity for processing data, but the
observations to be processed. (See Lorenz1 for a possible theoretical upper time limit
to forecasting the state of the atmosphere.)
One unconventional approach to the data problem involves remote sensing of the
atmosphere's properties from artificial satellites of the Earth. It has long been realized
that satellites offer unique opportunities for world-wide surveillance of the atmo-
sphere. The simplicity of their orbits, world-wide coverage, the number of observa-
tions per day, all combine to provide an ideal observational platform.
Already, weather satellites using television and infrared sensors have widened our
knowledge of world-wide cloud formations, cloud-top heights, and through the use of
infrared spectrometers have begun to probe the vertical profiles of temperature and
water vapor above the clouds. The information so gathered, however, does not provide
the necessary data concerning the lower troposphere which are necessary for numerical
weather prediction. The cloud-top limit effectively shields the majority of the lower
atmosphere from infrared sensors.
In order to circumvent this limitation, attention has been drawn to the microwave
region, which extends arbitrarily from millimeter to meter wavelengths. There are
important advantages in passively probing the atmosphere in this part of the electro-
magnetic spectrum rather than in the infrared: (i) clouds are not opaque at these
frequencies, thereby making it possible to study the cloud itself and the region below
the cloud; and (ii) instrumentation exists whose bandwidth is much smaller than the
widths of spectral lines arising from several of the most important atmospheric gases.
This last fact allows detailed analysis of line shape, which in turn facilitates the infer-
ence of the atmospheric conditions in which the lines arise.
With these possibilities in mind, the purpose of this report is to present a theoreti-
cal, numerical, and, whenever possible, observational investigation of the potential
meteorological uses of passive microwave measurements in determining the distribution
and total amount of atmospheric water vapor.
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II. THEORETICAL ABSORPTION OF MICROWAVE
RADIATION BY WATER VAPOR
The purpose now is (i) to give sufficient background for understanding the nature of
atmospheric absorption arising from pure rotational spectral lines of water vapor, and
(ii) to provide expressions of sufficient detail to compute absorption attributable to the
two lowest frequency lines, one of which is 22. 2 GHz and the other 183. 3 GHz.
2. 1 PURE ROTATIONAL SPECTRAL LINES OF WATER VAPOR
The energy associated with the motion of a water molecule (illustrated in Fig. 1) is
partitioned among its rotational, vibrational, and translational motions. The first two
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Fig. 1. Geometrical configuration and physical constants of
the water-vapor molecule.
modes of motion are quantized. If the molecule is not vibrating, the resulting quantized
energy states are called pure rotational energy states. Transitions can occur between
some of these states, and thus give rise to spectral lines of absorption if the final state
is at a higher energy level than the initial state, or to spectral lines of emission if the
final state is at a lower energy level.
Energy states for asymmetric molecules like H20, that is, molecules whose three
moments of inertia have different values, are designated in one of two ways. In the
most explicit method, the quantum number J associated with the total angular momen-
tum is expressed with two subscripts K 1 and K+1. These last two numbers are internal
quantum numbers associated with limiting prolate and oblate symmetrical molecules
rotating in a manner similar to the asymmetric one of interest.
More concise is the J notation. J remains the quantum number associated with
T
the total angular momentum, but it now has a single subscript. This subscript is asso-
ciated with the order of the energy level in question in the possible (2J+1) levels which
can occur for the same total angular momentum. If K_ 1 and K+1 are known, T may
always be found from the expression T = K_1 + K+1.
In the JK- K+I notation, the transition producing the lowest frequency water-vapor
line occurring at 22.2 GHz is denoted 52,3 6 6' The 183.3 GHz line is produced by
2
the transition between the energy states 21,2 - 31 3' In the J notation, these transi-
tions are 5 1 - 65 and 22 3 2' respectively. (For a list of rotational transitions of
water vapor resulting in the 53 lowest resonant frequency spectral lines, together with
their strengths, initial and final term values, linewidths, and statistical weights, see
Appendix A, Table 7.)
2.2 MICROWAVE ABSORPTION COEFFICIENT FOR WATER VAPOR
The general expression for the absorption coefficient resulting from the transition of
molecules between the energy states i and j is given (adapted from Eq. 1 of Van Vleck 2 )
by
8 r
8 vi} F 3hj v) fNi ij -Nj 1lji, 2' (1)= 3h--(iF(vii,1)
in which yij is the absorption coefficient for the transition i - j; v is the frequency of
the incident radiation; N. and N. are the number densities of molecules in the lower and
1 3 2
higher energy states, respectively; J[ij| is the square of the dipole matrix element
associated with the transition i - j, F(vij, v) may be called the "structure" factor or
"line-shape" factor for the transition; c is the speed of light, and h is Planck's con-
stant.
2. 2. 1 Partition Function
thThe number of molecules in a given state, say the i t , may be found from Boltzmann
theory for a gas in thermal equilibrium. For the case of water vapor, N may be written
N.= NPi, (2)
1~~~~~~~~~~~~~~~~~
where N is the total number of absorbing particles per cm 3 , and Pi is a number between
1
0 and 1 which gives the fraction of N in the state i.
For the case of water vapor P. is given (see Herzberg 3 ) by
1
P = P PR.' (3)
1 1
in which P represents the fraction of all molecules that are in the vibrational state ofV.
1
interest, and PR the fraction in the rotational energy state of interest. In Eq. 3 it is
1
assumed that all molecules remain in the electronic ground state.
When P is expanded (see Townes and Schawlow4 ) it is found that for temperatures
v.1
that occur in the atmosphere below 100 km the great majority of water molecules are
in the zero vibrational state. It is this state for which pure rotational energy states are
valid, and from which the spectral lines of interest for this report arise. P may be
1
very closely approximated by unity, so that P may be taken to be equal to PR
I
3
The fraction of molecules in a given rotational state may be expressed (see Townes
and Schawlow4 and their discussion of nuclear spin, or the discussion of G by
Van Vleck5) as
gT. (2i+1) e
(P=
PR.=1 i -E(J, T)/kTI: ] gT(ZJ+i) e
J T
In Eq. 3, the numerator is the Boltzmann
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Rotational partition function G and
the approximation to it by Van Vleck. 5
above yielded a new value of 172.4.
G included may be written
P. =
R.
factor for the stationary energy state i
in the transition i - j of Eq. 1. The rota-
tional energy associated with the state is
given in the J,T notation. The factor g
arises from consideration of the statistical
weight of each state because of nuclear
spin. It has a value of 1 for even T, and
3 when T is odd. The (2J+l) factor exists
because the energy does not depend upon
the space orientation of the angular momen-
tum J (a (2J+1) degeneracy).
The double sum in the denominator of
(3) is called the rotational partition func-
tion G and is only a function of the tem-
perature, since the rotational energy
states are fixed. An approximation to
the sum with its temperature dependence
is given by Van Vleck 5 as
G = 170(T) (5)
A comparison of computations of Eqs. 4
and 5 is presented in Fig. 2. A re-evaluation
of the constant in (5) based upon the results
A final form for PR with the re-evaluation of
1
-E(Ji, Ti)/kT
g(2J+1) e
(6)
0. 0344 T3/2
The statistical weights arising from nuclear spin and space quantization factor
(2J+1) cause PR to deviate substantially from a straight Boltzmann distribution for a
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Fig. 3. Relative distribution of water-vapor molecules over the first
52 energy states at 293°K compared with a straight Maxwell-
Boltzmann distribution.
system in thermal equilibrium. Figure 3 presents the relative distribution of molecules
as a function of their energy, together with a straight Boltzmann curve.
2. 2. 2 Line-Strength Parameter
Explicitly, the value of ,iij used in (1) is given by the solution to the following equa-
tion:
(1 *
[~ij = i~* d. (7)
Here, Pij refers to a particular transition between states i and j; 4 i is the wave func-
1J ~ ~ ~ ~ ~ ~ ~ 
tion for the state i; p. is the permanent dipole moment of the molecule; .j is the com-
plex conjugate of the wave function for state j, and is the integration variable taken
over all possible spatial configurations of the molecule.
The reverse transition, that is j- i, has an effective dipole moment related to ij
when thermal equilibrium exists as follows.
(2J+1) I[uij 2 = (2J,+1) ILji 1 2 (8)
where J and J' are the total angular momentum quantum numbers for the states i and
j, respectively.
The so-called "transition strength" more generally describes the two effective dipole
moments and is defined as
ILij 12 (2J+1)
Z lbi = {2 9 (9)
5
_ __ ------- ~ ~ __ 1 _~_  _~
I
I
where the meaning of the symbols is retained from above.
Tabulations of I 2 ij I for the particular asymmetry of the water-vapor molecule
6
occur in King, Hainer, and Cross. General tables for all asymmetries appear in
Wacker and Pratto,7
Incorporating Eqs. 6 and 7 in (1), one finds that the absorption coefficient for a single
microwave absorption line of water vapor is given by
81r3 Nv 2 gij Y I I -Ei/kT -Ej/kT
¥ij - 3hc -e {IF(vi,v)I (10)
0.0344 T3/2
where i and j are particular energy states designated by some J,T and J', T'.
Since the difference between energy levels which produce microwave spectra must
be small, the term in brackets is the difference between terms which are almost equal.
To remove this compensation, the following approximation is commonly made:
-Ei/kT -EJkT _Ei/kT hvij~
e -e e (11)
It should be emphasized that the temperature T appearing in Eq. 11 is an excitation
temperature and is conceptually unrelated to the kinetic temperature of the gas. The
approximation made in ( 11) is valid for vij << 3600 GHz.
By using Eq. 11, the absorption coefficient may be written
3 Ns Lgij 2 -E.i/kT
ij 3ckT v.e IF(v ij v) (12)
0. 0344 T
where i now refers to the initial energy state, and N to the total number density of
absorbing particles.
2. 2. 3 Line-Shape Factor
Several mechanisms can broaden a spectral line4 : the natural linewidth; Doppler
effects; collisions between molecules; saturation effects; and collisions with the con-
tainer of the gas. In the atmosphere, collisional broadening dominates below 70 km.
Above this level Doppler broadening is also important.
Derivations of theoretical line shapes for collision-broadened lines have been done
by Lorentz,8 Van Vleck and Weisskopf, 9 Anderson, 1 0 Ben Reuven, 1 Zhevakin and
12 1Naumov, and Gordon,13 among others. The original work was done by Lorentz who
was concerned mainly with spectral lines in the visible region.
Certain conceptual difficulties with the Lorentz line shape led Van Vleck and
Weisskopf to alter certain assumptions in the original derivation. The result was
more self-consistent. The assumptions as utilized by Van Vleck and Weisskopf were
6
(i) rotating molecules could be treated as classical oscillators of natural frequency 0
driven by the external field to oscillate at ; and (ii) collisions between rotating mole-
cules leave the phases of the oscillators constrained by the external field to a Boltzmann
distribution for thermal equilibrium. By using these assumptions, the line-shape factor
can be expressed as
F (vjv) AV + AV 113.F(')= v.. F 2 2 2 2j' (13)
ij (Vij-v) +Av (vij+v) + Av 
where v is the frequency of penetrating radiation, vii the resonant frequency of the
molecule, and Av the half-width of the line at half-maximum intensity.
The line shape mentioned above was shown to qualitatively describe the shape of
spectral lines. Experimental work 1 2 '14-17 showed, however, several shortcomings
to the quantitative fit between theoretical and observational line shapes. Several of the
shortcomings of Eq. 13 are the following.
1. If the shape is quantitatively accurate near resonance, the wings of spectral lines
are not accurately represented.
2. As higher pressures are encountered, the resonant frequency tends to shift
toward lower frequencies, an effect unobtainable from Eq. 13.
3. The linewidth per unit pressure is not constant over all pressures so that the use
of (13) is applicable only in the pressure region in which binary collisions occur.
Despite its shortcomings, however, the Van Vleck-Weisskopf line shape is adequate
for most atmospheric work, and because more sophisticated line shapes have not yet
shown better agreement with experimental results, it will be used throughout the rest
of this report.
In order to provide some feeling for the problems associated with the Van Vleck-
Weisskopf line shape, Figs. 4 and 5 are included. The circled dots in Fig. 4 represent
the data from an experiment conducted by Becker and Autler 1 6 to fix the shape of the
1. 35-cm resonance. The lower solid line represents the theoretical line from the
Van Vleck-Weisskopf expression with the effect of all lines at higher frequencies taken
as originally estimated by Van Vleck. The upper solid curve has the same expression
for the resonant term but has the effect of the higher frequency lines multiplied by a
factor of six.
Near 183. 3 GHz, a similar situation to the 1. 35-cm region is found. Frenkel and
Woods 7 have made measurements with a Fabry-Perot type of resonant transmission
cavity to determine the line shape. Their conclusions are that near resonance a
Lorentzian line shape which is also consistent with the theory of Van Vleck and
Weisskopf is justified, but in the wings the theoretically predicted effect of other lines
is too low by at least a factor of from 4 to 5. Figure 5 compares the results of
Frenkel and Woods with two variations of calculated Van Vleck-Weisskopf line
profiles.
7
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Two t h e o r e t i c a 1 representations of the
22 GHz resonance of water vapor compared
with experimental data: Van Vleck with the
nonresonant term multiplied by a factor of
six; and Van Vleck with no correction to the
nonresonant term.
Fig. 5.
Comparison of absorption near the 183-GHz
water-vapor rotational line as predicted by
the Van Vleck-Weisskopf single-resonance
expression, the Van Vleck-Weisskopf
expression considering the first 53 water-
vapor rotational resonances, and the
Frenkel and Woods empirical formula. Con-
ditions in the gas: 1000 mb nitrogen; 7.23
g/m 3 water vapor (7. 50 mm Hg); tempera-
ture 300°K.
2. 2.4 Linewidth Parameter
Of the several mechanisms that can cause spectral-line broadening, only Doppler
and collisional broadening are important for atmospheric studies.
Doppler broadening occurs because molecules are moving along the direction of
propagation of the radiation. There is a frequency shift of ±v(), where v is the fre-
kp '
quency of the radiation, v is the speed of the absorbing molecule along the line of sight,
and v is the phase speed of the radiation, very close to the speed of light in most cases.
P~~~~~~~~~~~~
When translated to a change in intensity, it is found that the half-width of the Doppler-
broadened spectral line is given by
Av D 3. 581 X 10 7 () 1/2
where T is the temperature in °K,
-1the penetrating radiation in sec 1
distributed according to conditions
-1
sec , (14)
M is the molecular weight, v is the frequency of
and it is assumed that the molecular velocities are
of thermal equilibrium.
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The exact treatment of the problems of collisional broadening requires detailed
knowledge of the interacting forces and processes occurring during collisions, not all
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of which are well known. Anderson's formulation for computing linewidths has been
the basis for the study of the spectra of several molecules including water vapor. Exten-
sion of Anderson's theory by Gordon has brought excellent agreement between experi-
ment and theory with the line shape of oxygen at high pressures. This more sophisti-
cated theory has still not been applied to water vapor and, therefore, the functional
dependence of the linewidth on atmospheric parameters is based on the work of Anderson
and on empirical facts.
The first empirical fact is in accordance with physical intuition: When binary col-
lisions are the dominant interaction, the width of a spectral line is observed to be
directly proportional to the number of particles colliding. Av is therefore proportional
to the pressure over a wide range of values; for water vapor, from a few millimeters
of mercury to more than one atmosphere.
The temperature dependence of /Av is much more difficult to predict theoretically
than its pressure dependence. Normally, for temperatures of meteorological interest,
it is assumed that Av follows a power law of T of the form
-nAv T , (15)
where n for atmospheric gases is in the range from -0. 2 to +1. 2. Actual theoretical
prediction, however, of linewidths and their variation with temperature (see Benedict
and Kaplan 2 0 ' 2 4 ) cast doubt upon the exactness of(15). Nevertheless, because (15) does
approximate the behavior of v with temperature and a more precise dependence is not
available, the power-law temperature dependence is generally retained.
The widths of different spectral lines at constant temperature and pressure are found
to depend upon the rotational states of the molecule before and after transition, and upon
the perturbing potential of the molecule causing the transition. Moreover, it is pre-
dicted and it is observed that a molecule is much more effective in perturbing an iden-
tical molecule than some foreign species.
If we draw together the information above, the result is Eq. 16 for the dependence of
Av on pressure, temperature, and the density of water vapor:
Av = S 1013. 25 (300) (1+ a). (16)
In (16), S is the breadth of the line at 1 atm pressure, 300°K temperature, and an infini-
tesimal amount of water vapor; n is the exponent describing the temperature dependence;
T is the ambient temperature in K; P is the total pressure in mb; e is the partial
pressure of water vapor in mb; and a is a factor that is a measure of the increased
effectiveness of H20 molecules for broadening water-vapor lines over the foreign gas
broadeners that determine S.
9
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2.3 ABSORPTION COEFFICIENT FOR THE WATER-VAPOR ROTATIONAL
RESONANCE CENTERED AT 22.2 GHz
It has long been customary to think of the absorption coefficient in terms of linear
combinations of separate spectral lines. Contributions to the absorption near resonance
have consequently been written as
Y= YRES + YNON' (17)
where YRES and YNON are separate and unrelated, and refer to the contribution of the
line that is being studied and to the contribution from all other lines, respectively.
In light of the work by Gordon 13 this is not satisfactory for strongly overlapping
lines. The 22. 2-GHz line is, however, almost an order of magnitude in frequency below
the next water-vapor line (183 GHz); therefore, even from Gordon's work, it appears
that (17) is valid.
We therefore write
Y1. 35 = (YRES)1. 35 + (YNON)1. 35' (18)
Consider the resonant term first. From Eqs. 12 and 13, (YRES)1. 35 may be written
in complete form as
2 222
0 gQY_ I ¶ 5 12 -E 5 /kT8r2v2N 1,H2Og o z 1. 35 51
{YRES 1.35 3ckT e -
0.0344 T3/2
AV2 + AV (19)2 _2 2 + v(v1 3 5 -v) + Av (v1 3 5 +v) + Av 
where Avl 35 is given by Eq. 16 as
1.35~~~~~~~~~~~~~~~~~~~~
-n 1.3 PH 0oT/AV ~~~~~~~~~~~~~~~~~~~~+ al35 (20)1.35 1 351013.25 300) ( .5 P )'(01. 35 .35 11. 33--
(YRES). 35 is given in nepers/cm when v is in Hz, N is in particles/cm 3 , the speed
of light, c, is in cm/sec, Boltzmann's constant, k, equals 1. 3804 X 10 1 6 ergs/°K, the
kinetic temperature T is in K, total atmospheric pressure is in mb, water vapor den-
3
sity is in g/m , and the molecular parameters are used as they appear in Table 1.
Only a .35 needs further explanation. The value of the linewidth in the Becker and
Autler experiment varied linearly with the water-vapor density. When extrapolated to
-1
zero water-vapor density, Av was found to be 0. 087 cm , while for a water-vapor den-
3 -
sity of 50 g/m it was found to have a value of 0.107 cm . By assuming that each water-
vapor molecule that was substituted for an air molecule is more effective in the
10
Table 1. Values and sources for the parameters of Eqs. 19 and 20 for (yRES) 1. 35'
Theoretical
Parameter Value or Source
Measured
-~~~~~~~~~18
FH2O 1. 87 X 1018 e. s. u. M 18H20
3 T odd
z 1l 35 0.0549 T 6Z _1. 3512
E 5 /C 446. 39 cm - 1 M 27
-1
9V1 3 (22. 237 .005) X 10 Hz M 19
S .32.70 x 109 Hz/atm M 16
n 0.626 T 20
al 3 5 1.46 10 2 mb(g/m3) - 1 (K)- M 16
. 35
process by some factor 1. 35' it is not difficult to show, with the aid of the
Autler data, that a correction of the form used in Eq. 20, with a value of a1
sented in Table 1, is justified. The value of 1 35 is approximately 4. 2.
The detailed expression for the nonresonant part of Eq. 18 is much less
than (19) and (20). Van Vleck5 offers the approximation to this contribution
81T2v2N 2 - Ei/kT 2v
(YNON) 1. 35 3ckT IH 0 gT'i  H I 2e i 2 
2 ij vii
Be cke r and
35 as pre-
satisfactory
as
(21)
where the indices i, j range over all of the spectral lines above the 22. 2-GHz resonance,
and each parameter is appropriately chosen for a given resonance i, j. The approxima-
2tion of F(vi., v) as 2Av/v.i should be valid when vj >> v and vii >> Av, both of which are
true for resonances other than the 22. 2-GHz line. An approximation of the sum over
rotational states was given by Van Vleck 2 1 at 293°K as
(YNON) 1. 3 5 =
0.012 pH20 c
H20 
2X
dB/km,
which transposes into our notation as
11
(22)
___ 11"------.-"11-1-^·-_L.___-_^(XILL 1 I-- -- -·1^1 ---- .
V2 
PH O0 ~
(NON)1. 3 = 2. 21 X 10-3 2 dB/km, (23)
T3/2
where primed frequencies are in GHz, and the temperature dependence has been given
in Van Vleck.21
The expression (21) has already been shown to be too small by a factor of 4 to 6
(see Fig. 4); therefore, hereafter in this report Eq. 23 will be increased by a factor
of five.
For convenience, Eqs. 19, 20, and 23, the last with the factor of five included, are
reduced to their simplest forms and combined into the two following equations. In
each case more familiar inputs replace less familiar ones and all constants are
evaluated.
PH ov2 e 642/T
23 H
Y1.35 = (YRES)1. 35 + (YNON)1. 35 1. 70 10 5/2
T5 /
AV3 AV, H 1.35
1.35) 3 + 1 5 1.11X10- 2E 2 dB/km(V - 2 2 2 + 2 V /
(v. 3 5 v) + AV . 3 5 (v 35 +v') +Av 1 3 T3/2
(24)
P T2
Av. 5= 2. 62( )( ) 1 + 0.046 p GHz (25)
Primed frequencies are in GHz, H is in g/m 3 temperature is in °K, and
2
total pressure P is in mb.
2.4 ABSORPTION COEFFICIENT FOR THE WATER-VAPOR ROTATIONAL
RESONANCE CENTERED AT 183.3 GHz
The nearest line to the 1. 35-cm line occurs at 1. 64 mm (183 GHz) removed
by a factor of eight in frequency. Toward even higher frequencies, we find
that in the interval between the 1.64-mm line and eight times its resonant fre-
quency 53 other water-vapor resonances appear. We shall now develop a usable
expression for this second lowest frequency water-vapor rotational resonance.
There appears to be no reason why the line shape near resonance will be better
fitted by any other than the Van Vleck-Weisskopf formulation. Therefore, it is
retained. The equation for the resonance at 183 GHz may be written, analogously
to Eqs. 19 and 20 as
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8w2vN 2 2 /kT22rrVN + 2
(YRES)0. 164- 3ckT H2oge ' 0. 1 6 4 1 e
Av~ ~~ ~0. 1642 + AV 2 + AV+(26)r v0 14 + 2v0 164
(v0 1 6 4 - v) 2 + v 164 (vO 1 6 4 -v) 2 + 16 (26)
where Av for this case is given by
~~~~~nP TAV S T p \ . 164 ~ H 2 OT
164 0. 1 64( ) 30 T1 + a0. 1 6 4 P (27)
The choice of values for the molecular parameters in the case of air broadening is
more difficult for the 183-GHz resonance, however, than for the 22-GHz line. Table 2
draws together all the information on the 183-GHz line for the various broadeners that
make up air, and presents the derived (and in one case measured) parameters for an
air-water vapor mixture. There are many conflicting measurements and values in
Table 2 and the final choices must be based on judicious, but unavoidably subjective,
reasoning.
We start by choosing the theoretical line strengths as computed by King, Hainer, and
6Cross. No substantial uncertainties have been presented to throw doubt on these results.
This choice, together with the other well-known molecular parameters of (26) (that is,
H2'O ge' E2 2 k, c, v. 164 ) leaves the main uncertainties with SO 164 no. 164 and
2 +
a 164 all connected with the linewidth parameter.
The most precise measurements for the linewidth appear to have been done by
22Rusk, for nitrogen, oxygen, and self-broadening. The derived value of Av for air from
that work (equal to 3. 52 MHz/mm Hg) is the choice we make for S 164'
The most difficult parameter to choose a value for is no 1 6 4 Benedict and Kaplan 2 0
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computed this value for nitrogen broadening as 0. 649. Hemmi 3 measured this value
in nitrogen with about 1% water vapor present as 0. 579, and computed the nitrogen value
alone from those measurements as 0. 736. This last value agrees quite well with the
Benedict and Kaplan estimate. Values of the temperature exponent for oxygen, were
24
not reported by Benedict and Kaplan, 4 and in Hemmi these values show no resemblance
to a power law of T. (See Supplement. 2 2 Rusk did measure a value for n 164 for the
case of water vapor self-broadening as 1. 2.)
A highly convincing choice for no 1 6 4 for air from all of these reports is not pos-
sible. Since it appears, however, that both oxygen and water vapor have values of n
greater than that for nitrogen alone, it would appear that a value near 0. 70 would be a
defensible estimate. In any case, that is the value that we choose. For a rough idea
of the error involved in this exponent, it can be remembered that if the value of Av is
measured with perfect accuracy at 300°K and the power law is used to extrapolate to,
14
say, 250°K, a discrepancy of 3.5% occurs between values computed by using no0 . 164 = 0.6
and n. 1 6 4 = 0.8.
The value of a0 . 164 may be obtained by using the following reasoning: The effective
collision cross section for two gases may be written
e a 1 R1 + -2 (1-R 1 ), (28)
in which e is the effective cross section, 1 is the collision cross section for gas 1,
R1 is its fraction of the total molecules, and -2 is the collision cross section for gas 2.
The cross section for collisions is directly proportional to the linewidth for a given gas.
Therefore, we can write
Ve H 20-H20RH20 + AVH20-AIR(1-RH20). (29)
From the data of Rusk,
AVH20-H20 19.06
2 2 _19. 06
- = = 5.4,
AVHO-AIR 3.52
where AvH OAIR is the linewidth with negligible water vapor in the mixture. For
50 g/m of water vapor in atm total pressure of air, a temperature of 318°K, RH 0 =
0.0724. Therefore, 2
(AV)=5 0 2 2 0 H20+ AVH O-AIR (1-RH )
A VH20-AIR
1
= a . (30)
1 + a0.164P50/
Solving for a 0 164 in Eq. 30 results in a value equal to 2. 03 X 10- 2 mb (g/m3)- 1 (°K)-'.
Table 3 collects the values for the molecular parameters of the 1. 64-mm line which
we use in Eqs. 26 and 27. If cgs units are used for general constants, and v is given
in Hz, N in particles/cm 3, pressure P in mb, temperature T in °K, and water-vapor
3density PH 0 in g/cm , then, by using the values listed in Table 3, Av 0.164 is given
2
in Hz and (YRES)O0. 164 in nepers/cm.
Note that by using 2. 68 GHz/atm for the linewidth per unit pressure and the King,
Hainer, and Cross line strength, the value of (YRES)0. 164/PH 2 0 at am pressure and
300°K is 19% higher than the same parameter estimated by Hemmi from his measure-
ments on nitrogen and oxygen. This is true despite the estimation in Hemmi that Av/P
for air is 2.48 GHz/atm. If Hemmi's measurements are correct, it would mean that the
true line strength is actually 25% smaller than that computed by King, Hainer, and Cross.
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Table 3. Values and sources for molecular parameters needed to compute (yRES)0. 164
Theoretical
Parameter Value or Source
Measured
71.87 X 10 - 1 8 e. s.u. M 18THEO 18M 1
g 1 T even
e
ZII0. 164 12 0. 1015 T 6
E /C 136.15 cm - 1 M 272+2
6
V0 164 183,310.12 ± 0. 10 X 10 Hz M 22
v0. 164
S164 2. 68 109 Hz/atm M 220. 164
n0. 164 0.70 20,22,23
aG 164 2.03 x 10- 2 mb(g/m3)-1 ( °K)- 1 T 22
0. 164
Only Frenkel
achieved results
and Woods 7 have attacked the nonresonant absorption dilemma and
that can be considered as reliable. But these measurements were done
with nitrogen and water vapor only, so there is no direct analogy with air broadening.
Nevertheless, so sparse is quantitative data in the region around 183 GHz that we shall
rely heavily on the results and procedures in Frenkel and Woods.
As was pointed out, the nonresonant absorption in and around the 183 GHz line was
handled by Frenkel and Woods by using the resonant expression for the nearest higher
line of consequence (324 GHz) and an empirically determined function proportional to
2
v for the contributions of all remaining lines. [Note: There are actually two lines
very near to 324 GHz. One, however, has a term value for the lower state equal to
-11283 cm . The Boltzmann population factor is consequently proportional to
exp[-1283 c/kT], a value which, at 300°K, is more than 450 times smaller than the
Boltzmann factor for the 183-GHz line. This line (9_ 3- 10_7) will be disregarded in
favor of the line arising from the 40 - 5 4 transition. Its lower term value of
-1326. 5 cm which, at 300°K, causes the population, when in thermal equilibrium, to
be less than that of the lower energy state for the 183-GHz line by a factor of 4 to 5. It
will be the line that we refer to as the 324-GHz line or 0. 093-cm resonance.] We shall
do the same; however, to be consistent with (YRES)0. 164' the 324-GHz line parameters
will be those determined from theory and applied to an equation of the form used for
16
(YRES)1. 35 and (YRES)0. 164 (Eqs. 19 and 26). The equation for the contribution of the
remaining lines will be slightly modified from the Frenkel and Woods expression.
(¥NON)0.164 will therefore be given by
2 Z[ 'H 11 2 -E /kT
8w2v 2N H2oge . 164 40
(YNON) 0. 164 3ckT 
0.0344 T3/2
(10 A'V0. 0 9 3 V 20.093 
(v0. 93- v ) 2 + Av2 093 (v0 . 0 9 3 +v) + Av 093
+ V (v +Avw) (300) (31)
(oN. 164 )3
where
_
- n 0. 093 ( H 0 T
A0. 0 . 00.093(1013.25) 3 (32)+T0.093 P
AW = C 4 kwVPH2o(-0-0) 0 + 0. 093 / (33)
AV w = C kpt 093 (3)
in which w stands for the line wings; N for nitrogen, and wv for water vapor. AvW isN
corrected for oxygen by reducing the effective linewidth by a factor 1/2. 11 for the
fraction of oxygen molecules.25a
The temperature dependencies of Av W and Av N have been established as follows:wv N
Av WV is proportional to the partial pressure of water vapor which, in turn, is propor-
tional to PH oT. Benedict and Kaplan 2 5 b have established, however, that the line
H2 
intensity weighted average for the temperature exponent is -0.9, that is, the temperature
dependence of the rotational band is proportional to T 0 '9 and, therefore, the T0 ' 1 depen-
wdence of Av V
WV'W -. 6
For the nitrogen derived linewidth, AvN, the T 0 6 2 temperature dependence is that
derived for the line intensity weighted average for all of the nitrogen broadened water-
vapor linewidths computed by Benedict and Kaplan. 2 6
Table 4 presents the values for the molecular parameters of Eqs. 31-34 which are
necessary to compute (YNON)0. 164' When cgs units are used for general constants and
v is given in Hz, N in particles/cm3 , pressure P in mb, temperature T in K, and
3
water-vapor density H 0 in g/cm , then the values in Table 4 apply. The units of
2linewidths which result are in Hz and those f (NN) 164 are in nepers/cm.linewidths which result are in Hz and those Of (.YN0N)0. 164 are in nepers/cm.
17
__ IIIIIL _I__I____^I·_^____I__* _ 1_ -·--···1111111_1-·1-(---··111-. II -
Table 4. Molecular parameters needed to compute (NON) 0 164'
Theoretical
!r Value or
Measured
1.87X 10- e.s.u. M
1
0. 0891
-1315.70 cm 
323, 758 X 109 Hz
2.79 X 109 Hz/atm
0.619
2.10X 10 - 2 mb(g/m3) - 1 (°K)-1
2.55 X 109
T odd
T
M
T
T
T
T
M
M
M
Source
18
27
27
27
20
20
28
17
1. 04
0. 66
200zooX 106 Hz/mm Hg
19. X 106 Hz/mm Hg
17
17
18
Paramete
2
ge
z Io. 0931
E(40 )/C
v0. 093
SO. 093
no. 093
0. 093
C 3
C4
C5
kW
WV
kWN
-- 
-----
14 r --
When the constants of Eqs. 26 and 31 are evaluated and more familiar parameters
are substituted, the final operational equations for the 183-GHz line are the following:
662
PH 0"
'Yo. 164 ' -978 2H2O e' 197. 3/T
"¥0. 164 = (¥RES)O. 164 + (NON)0. 164 = 978 5 /2 -
T5/
+ Ol. 164
(v 64+v'2 2AV 0v. 1 6 4 +v) + Av. 164
PH A) 093_VI+ 849 2 e-454/T 0. 093
T5/2 (v. 093-v') 2 + Av' 2093 ~0. 093
+ 2.55 v 3 (v W+AV' )(
0.164
+ b. 093
(vb) 093-v') + Av2 93
dB/km. (35)
The temperature dependence of the last term of (35) is that expected in the wings of
water-vapor spectral lines (see Van Vleck28). All frequencies and linewidths are in
/z
z
170 175 180 185
FREQUENCY (GHz)
190 195 200
Fig. 6. 183-GHz rotational resonance of water vapor as represented by
Eq. 35. Conditions in the gas: 1000 mb dry air; 7. 23 g/m 3
water vapor (7. 5 mm Hg); temperature 300°K.
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on n
GHz (denoted by primes) instead of Hz, thereby requiring SO 093' v0 093 C3 kW. 09 ' 0.03 ' WV'
and kN when used in Eqs. 32-34 to be reduced by a factor of 109.
Further simplification of (35) may be accomplished without substantial loss of
accuracy, if one confines his observations to a frequency region near to the 183-GHz
resonance. The major contribution to (YNON)0. 164 within 50 GHz of 183 GHz is over-
whelmingly due to the third term of Eq. 35, the contributions of lines other than the
324-GHz and 183-GHz lines. The ratio of the last to the middle term in Eq. 35 over
this region is approximately 200:1. Only as one approaches 300 GHz does the second
term begin to contribute a substantial percentage to the absorption. Below 183 GHz,
the only contribution at all is the 22-GHz line, which does not make its contribution
felt until well below 100 GHz.
Figure 6 illustrates water-vapor broadened by air in the frequency interval 170-
200 GHz, with Eq. 35 used.
Although water-vapor absorption will dominate over oxygen in the regions near
22 GHz and 183 GHz, oxygen absorption must be taken into account for the measurements
and numerical experiments near the lower frequency line. (It is less than the error
expected in Eq. 35 near 183 GHz.) The computational equations for oxygen absorption
are presented in Appendix B.
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III. RADIATIVE TRANSFER IN THE EARTH'S ATMOSPHERE
The equation of radiative transfer for the atmosphere of the earth is presented now
for the special conditions of an absorbing, nonscattering atmosphere in local thermo-
dynamic equilibrium. The question of the existence of local thermodynamic equilibrium
in the Earth's atmosphere is also discussed; weighting functions for radiation attenuated
or emitted by water vapor in the atmosphere around the two resonant frequencies of
interest are derived for several geometries and illustrated by numerical examples; and
the quasi-stationary character of the weighting functions over various climatological
conditions is investigated.
3.1 FUNDAMENTAL DEFINITIONS
The fundamental equation of radiative transfer for an atmosphere whose index of
refraction is unity is given by
dI
d --'YvIv + l1y (36)
in which Iv represents the specific intensity at the point of interest in the medium, v
the absorption coefficient, , v the volume emissivity, and d an increment of length
along the path of the radiation. (For a derivation of Eq. 36 without the assumption of
an unchanging index of refraction, see Woolley and Stibbs. 2 9 )
Equation 36 is usually written in a form that takes account of the concept of optical
depth, sometimes called optical thickness, or opacity which is defined by
TV 
T= d = - d = + 'iv d, (37)
where d is positive in the direction of energy flow, and dTV is positive in the opposite
' V
direction. Equation 36 transforms to
dI
(38)dT - Iv = y(
which readily integrates to
-T T T n T
(I eT ):ax m ax + e dTv (39)
0 ¥v
in which
T = max d _ . (40)
max 
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To apply (39) to the atmosphere of the Earth, consider the geometry of the horizon-
tally stratified, plane parallel atmosphere depicted in Fig. 7. An antenna on the ground
with main beam half-power points m degrees apart views an extraterrestrial source
/ /
/ 
Tv(I=O) = Z'max // /~ ° Z H
/ /
// I
tdz ZZ
e x/"/o
//// X II/z -
// ////t SMms) 
////f~~~ i//////////////// ,7
Fig. 7. Geometry for microwave obser-
vations in a planar, horizontally
stratified atmosphere.
through the
terrestrial
the planar
as
atmosphere at an angle of 0 degrees away from the
source fills the main beam. Because of horizontal
geometry, it is most convenient to redefine T in
zenith. The extra-
stratification and
terms of z and
T (z, 0) = 
=maxax
(41)y d = yV sec 0 dz.0
More simply, for zenith angles other than zero, the opacity
by Tv(z, 0) sec 0. Equation 39 may now be rewritten for the
definition from Eq. 41 as
v max(sec 0 H -- TV (z, 0) sec 0
Iv(0) = Iv(H) e sec + - e0 'v¥v
from z = 0 to z = z is given
geometry of Fig. 7 and the
sec 0 dz (42)
where now
H
Tmax Yv dz. (43)
The intensity reaching the antenna at z = 0 is I ( O ). It is composed of two compo-
nents, the first of which is the intensity at z = H, a level above all significant attenu-
ating gases, diminished by its passage through the atmosphere (e max sec ). The
second component originates in the atmosphere and is represented by the integral on
the right-hand side of (42). The atmospheric contribution to I v(O) represents the
22
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radiation from thin slabs of atmosphere of effective thickness dz sec 0. The strength
of the radiation received at the antenna from any slab is equal to the volume emissivity
of that slab times the effective volume of a unit cylinder along the propagation path
diminished by the absorption of all of the intervening layers. The absorption factor is
-T (z. O) see O
represented by ev , where T (z' 0) : v dz
Rather than simply cancelling the yv that appear in the integral of (42) and deal with
the volume emissivity, it is more convenient to define a new quantity
J y (44)
v
called the source function. From Kirchhoff's law for an atmosphere in local thermo-
dynamic equilibrium it can be shown that
J = I (45)V V
and Eq. 44 can be written
-T sec 0 H -T sec 0
Iv(O) = I(H) e max + Iv' v e sec 0 dz. (46)
This is the fundamental equation of transfer for radiation in a planar, horizontally strat-
ified, nonscattering atmosphere in local thermodynamic equilibrium.
For microwave radiation, the Rayleigh-Jeans approximation may be used and Eq. 46
can be finally written
-T see 0 H -T se 0
TB(O) = TB(H) e max + TAT v e sec 0 dz, (47)
where TB represents an equivalent black-body temperature which, in the frequency
interval of interest, produces an intensity I.
3.2 THERMODYNAMIC EQUILIBRIUM IN THE ATMOSPHERE
In the light of Eq. 47, it is necessary to evaluate the assumption that the atmosphere
is in thermodynamic equilibrium, and, for that matter, what thermodynamic equilibrium
means in terms of rotational spectra.
Thermodynamic equilibrium, in general, refers to a state for an assemblage of
particles in which the total energy of the assemblage is distributed over the particles
in the most probable statistical manner; that is, a state identified by the maximum value
of the entropy that is possible for the conditions of the gas (see Planck 3 0 ). When ther-
modynamic equilibrium exists the distribution of energy is given by Boltzmann' s
equation
23
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N. gi e-Ei/kT
N. gie 11 1 1 1 ~~~~~~~~~~~~~~~~~~~~~(48)
N -E./kT(48)
gj e 
J
in which Ni is the number of particles of energy Ei , N is the total number of particles,
gi is the statistical weight of the energy level Ei , k is Boltzmann's constant, and T is
temperature. For discrete energy levels that exist for rotation, vibration, and elec-
tronic excitation, the summation is appropriate in the denominator. In the limit of a
continuous energy distribution as for energy of translation, the summation should be
replaced by an integral. The denominator of the right-hand side is called the partition
function for the energy mode it describes. A similar expression was evaluated in
Section II for the distribution of energy over rotational states in an assemblage of water
molecules.
For molecules, several semi-independent domains of energy exist: kinetic energy
of translation, rotational energy, vibrational energy, and electronic excitation energy.
The last three energy modes are quantized and can interact with the radiation field.
Energy can be redistributed between the modes when collisions occur. It is possible
for the various energy modes to separately approach thermodynamic equilibrium.
Goody 3 has analyzed the conditions in the atmosphere which allow the translational,
vibrational, and rotational energy distributions to maintain thermodynamic equilibrium
against naturally occurring perturbations. He has concluded that thermodynamic equi-
librium exists for translational motion up to the region where collisions are no longer
likely. This is in the highest regions of the ionosphere, hundreds of kilometers above
the region where water vapor is important.
Vibrational energy is also maintained in thermodynamic equilibrium by collisions
and, from Goody's estimate, equilibrium exists at least up to 74 km.
Rotational energy is more easily distributed by collisions than vibrational energy.
Natural lifetimes for rotational-energy levels of water vapor are of the order of 0. 1 sec
to, perhaps, 10 sec, values that may be computed from the dipole matrix elements. The
relaxation time for collisional redistribution of energy is proportional to /P, and at
standard temperature and pressure has a value approximately equal to 010 sec. This
10.
estimate is based upon Anderson's theory, m in which the relaxation time is shown to
be related to the linewidth. From these estimates Goody concludes that rotational-
energy levels should be distributed according to Boltzmann's law at least down to pres-
sures of 10- 6 mb, a height of approximately 150 km in the Standard Atmosphere. From
other considerations, notably the fact that photodissociation of water-vapor molecules
probably becomes important at less than half of this altitude, it is reasonable to expect
that wherever water vapor occurs it will be in rotational thermodynamic equilibrium.
The rotational temperature and kinetic temperature defined by separate statements
of Eq. 48 will, under all natural conditions, be the same, since the energy of the system
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will be equally available to translational as well as rotational degrees of freedom at the
pressures and temperatures found in the atmospheric regions where water-vapor
absorption will be important.
Finally, a remark should be made about electronic transitions for water vapor.
At the ground, the ratio of the lifetime for collision-induced transitions to the lifetime
of spontaneous transitions is very large; thermodynamic equilibrium cannot exist. But
the energy required to cause electrons to transition to excited states is so great that this
is a rare and unimportant process in any equation of transfer for the atmosphere at any
frequency below the visible.
3.3 MICROWAVE MEASUREMENTS AND ATMOSPHERIC
WATER-VAPOR WEIGHTING FUNCTIONS NEAR
THE 22. 2-GHz RESONANCE
Measurements can be made at microwave frequencies which contain information
about the water vapor in the beam of the receiving antenna. In effect, various measure-
ments are made to simplify Eq. 47 or to take advantage of some special geometry,
such as that afforded by a satellite.
3. 3.1 Total Zenith Opacity near 22. 2 GHz
One of the microwave properties of the atmosphere is its total (zenith) opacity
Tmax. It is defined as
max'
rH
Tmax = Tv(H, O) = 'V dz, (49)
max v¥ ), v dz,0
where v is the total absorption from all constituents of the gas at frequency v. In
the atmosphere of the Earth, on clear days, only oxygen and water vapor contribute
non-negligible absorption to Tmax over the microwave range. Therefore, since =v
YH20 + ,Y0. then Tmax can be written2' max
rH rH
T = (Tmax)H20 + (Tmax)2 = Y dz + yO dz. (50)max    ax 02 2 0 0 22~~~~~~~~0
If the two contributions to Tmax can be separated, then the zenith opacity of atmo-
max
spheric water vapor may be studied as a function of frequency. H 0 and are
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those absorption coefficients derived in Section II and presented in Appendix B. Recall
that yH for the 1. 35-cm line is composed of (yRES)1 35 and (yNON)l.35 and can be
2
written
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= 1 .5 7
V X 103
H20
+ 1. 11 * 10-2
AtIv AV,
A 1.35 + 1 35 
v.35- v') 2 + AV 2 35 (v35 + v ) 2 + Av235135 1.3 (v1. 3 5 + ) + A' 3 51
dB/km
= PH2 Ofg(v, P, T, PHzO)} (51)
where the dependence of g on pH is quite small. It is clear that the same water-
vapor density will show different values for absorption at different levels in the atmo-
sphere. If we know the structure of the atmosphere, then we can compute a weighting
function for water-vapor contributions to (Tmax)H o0. By definition, therefore,
2
YH O(v, z)
WT (v, z) = 2 ,(52)W' ' p (z)'
so that
rH
[T ax(v)]H 0 ' W T(v, z) p(z) dz. (53)
The dependence of the weighting function WT(v, z) on P, T, and p is shown implicitly
through z.
The formulation of a weighting function is important because it shows at what height
in a particular atmosphere the attenuation for a given amount of water vapor is greatest,
that is, where it is most "sensitive" to water vapor. This sensitivity is a function of
frequency.
For the 22. 2-GHz water-vapor line, Fig. 8 presents 3 weighting functions computed
from Eq. 52 and normalized to unity in each case. They represent typical shapes for
weighting functions which one can expect for spectral measurements around this par-
ticular resonance. The wings of the line (represented by the 19. 00-GHz curve) show
an exponential-like decrease with altitude. At resonance (22. 237 GHz), the weighting
function increases roughly exponentially with height. For frequencies near resonance,
there is a maximum sensitivity at some intermediate altitude.
The height of the maximum decreases for frequencies farther from resonance. The
frequency dependence of this maximum height is shown in Fig. 9. The width at half-
strength of those weighting functions with maxima at intermediate levels is approxi-
mately 18 km.
The characteristic shapes of the three representative weighting functions arise from
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Fig. 9. Frequency dependence of the
height of the zenith opacity
weighting-function maxima.
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Fig. 8. Normalized zenith opacity w e i g ht i n g
functions for atmospheric water vapor.
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Fig. 10. Origin of atmospheric water-vapor weighting functions.
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the effect of decreasing pressure in the linewidth parameter and the effective role of
this parameter near and far from resonance. If we examine the line-shape factor of
Eq. 13, we find that at resonance the (vij-v)2 term in one of the denominators is zero
and the whole factor is closely proportional to /Av and thus to 1/P. Far away from
resonance, the (vi -v) term dominates over the Av 2 term in the denominator, and the
line-shape factor is more nearly proportional to Av and therefore to P. In between, the
situation is best illustrated by Fig. 10. In Fig. 10, at 3 frequencies, sequences of numbers
are provided to direct the reader's attention to the effects of decreasing pressure, and
thus to decreasing linewidth and increasing altitude in the atmosphere. (1) is associated
with the highest pressure and widest linewidth. (2) is an intermediate pressure level.
(3) is the lowest pressure and narrowest linewidth. At resonance (v/v = 1.0) and far
enough into the wings (v/v = 1.14), the attenuation acts monotonically, as discussed pre-
viously. For intermediate frequencies (represented in Fig. 10 by v/v = 0.90)the attenu-
ation at first increases, then falls monotonically as the line progressively narrows. This
causes a maximum attenuation to occur at some pressure, and therefore some height.
To investigate the constancy of zenith opacity weighting functions, Fig. 11 was pre-
pared. Weighting functions at 19. 00 GHz were computed for 4 diverse climatological
regions: Tropics (15°N); Midlatitude (40°N); Subarctic summer (60°N); and Arctic (75°N).
The atmospheres used for the comparisons were the Standard Atmosphere 1962, and
37the Supplemental Atmosphere thereto, all taken from Valley.37
The extreme cold of the Arctic atmosphere plays a dominant role in elevating the
surface attenuation in this region. In other than Arctic regions, differences of perhaps
5% occur between weighting-function curves. At frequencies near resonance, the
differences between the Arctic and other atmospheres at the surface, for the most part,
disappear, as may be seen in Fig. 12; farther from resonance, the differences at the
surface increase. The midlatitude curve in Fig. 12 has not been plotted because at all
altitudes it falls within the other curves. For the summertime at least, and from the
surface to perhaps 10 k, the zenith opacity weighting functions vary little over approx-
imately 80% of the Earth's surface.
As a final investigation of the gross features that one might expect for microwave
measurements of total zenith opacity, Fig. 13 is presented. The Tropical, Midlatitude,
and Arctic opacities are plotted as a function of frequency. These curves represent water
vapor only; oxygen attenuation is not included. This gives some feeling for the range of
amplitude which world-wide water-vapor opacity measurements might show. The
variation of the line amplitude shown in Fig. 13 can also be obtained on a seasonal basis
in midlatitude continental regions, as will be seen in Section IV.
3. 3.2 Surface Observations of Atmospheric Brightness Temperature
near 22 GHz
Another microwave spectral observation of the atmosphere that we might wish to
make is the emission as a function of frequency. Since the emission from space is
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Fig. 11. Stability of the 19-GHz zenith
opacity weighting function for
differing climatic regions.
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Fig. 12. Stability of the 21. 9-GHz zenith
opacity weighting function for
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small and approximately steady, unless one's antenna is viewing the sun or the moon,
or some strong radio source with a very narrow beam, the first term on the right-hand
side of (47) can be neglected. We have left
TB(v) =
-Tv(Z, 0) sec 0
TAT Yv e
The water-vapor weighting functions that would be
ment can be defined as
[WT]up =
appropriate for such a measure-
-T (Z, 0) sec 
TAT(Z) YH 20 (z) sec 0
p (z)
(55)
Equation 55 is a considerably more complicated function than the weighting function for
[Tmax]H O alone. Despite the complexity and nonlinearity of (55), it is still a useful
concept, as may be judged from Fig. 14.
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Fig. 14.
Normalized zenith emission weighting
functions for atmospheric water vapor.
[WT]UP (RELATIVE UNITS)
Weighting functions for the same three frequencies that were analyzed for the zenith
opacity weighting functions are presented in Fig. 14. Their shapes are very similar to
the opacity shapes. It is apparent that the attenuation factor still dominates the func-
tions; the percentage temperature changes are so small and the exponential factor
is so unimportant that together they introduce only the changes in shape seen from
30
sec 0 dz. (54)
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Fig. 15. Frequency dependence of the height
at which maxima occur for zenith
emission weighting functions.
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Fig. 16. Climatic variations in the
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Fig. 17. Climatic variations in the
21.9-GHz zenith emission
weighting function.
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Figs. 8 and 14. The reason that the
nmnlit-Iirt nf thp fntinn hptfcppn the
surface value and the maximum is less
than for the opacity is a result of the
temperature decrease between these
two levels.
The height at which a maximum
occurs for a given frequency is plotted
in Fig. 15. The curves are considerably
narrower than the opacity-maxima
curves, again indicating an alteration
that is due to changes introduced largely
by the temperature profile.
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curve is not plotted in Fig. 16 because
Fig. 18. Zenith emission spectra for mean
c o n d i t i o n s in several climatic it fell very close to the tropical and sub-
regions. arctic plots everywhere. The stability
of the function at 19. 0 GHz, at least
away from the Arctic, is greater than the analogous opacity weighting function.
The variation with climate of the 21. 9-GHz upward looking brightness temperature
weighting function is considerably greater everywhere than its opacity counterpart. The
climatic temperature variations show up strongly near the surface. Especially notice-
able is the decrease of the tropical weighting function near the surface, because of the
prevailing temperature and moisture inversion. But the great divergence of tropopause
heights and temperatures causes the largest discrepancies between the weighting func-
tions to appear in the vicinity of the sensitivity maximum. The extreme cold of the
tropical tropopause, which occurs at roughly 16 kin, even causes a minor minimum to
appear in that climatic region's weighting function.
As a last set of characteristic curves for the brightness temperature spectrum that
might be measured from the ground, Fig. 18 is presented. It conveys the amplitude
variation that might be expected over the world's climates. These curves are means
and therefore at each latitude a great deal of variation from the mean curves can be
expected.
3. 3.3 Observations of the Atmosphere from Space near 22 GHz
If the natural advantages of the satellite-borne radiometer are to be exploited,
observations from above the atmosphere must prove to be feasible. For observations
from space, we find that the full equation of radiative transfer must be used. Equa-
tion 47 must be modified to read
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-T see 0 H -Hy see Odz
TB(H) = TB(O) e max + STT se B ( ~~~~~AT '/ve
in which the attenuation factor for the atmospheric contribution must be computed from
the source level upward to the satellite height H, rather than downward as in Eq. 47;
and rather than an extraterrestrial source of radiation attenuated by the full atmosphere,
an effective brightness temperature for the Earth's surface must be supplied. TB(O)
is not easy to evaluate. It may be expanded, however, as follows:
TB(O) = (l-R) Tg + H
TB(O) = (1-R) T + R0
- fZ /Y see 0 dz'
AT yv
where the first term on the right-hand side of (57) represents the temperature of the
Earth, T diminished by its emissivity equal to (-R), where R is the power reflec-
tion coefficient at the frequency of interest. The second term is the radiation from the
atmosphere reflected by the Earth's surface.
A weighting function may be derived for satellite observations. Rewrite (56),
using (57).
TB(H) =
0
-f Yv sec 0 dz'
TAT H2O+YO2) e
+{R s
sec 0 dz
OAT) e sec 0 dz'
TAT (¥HzO+¥Oz) e sec 0 dz
-T sec 0
+ (-R) T e max
Recall that Yv = H 0 + ¥0 , and separate the oxygen and water-vapor terms.20 02
TB(H) = T +
H20
-T sec 0
Tb +(l-R)T e max
2 g
Tj~ H TA-TJ H Yv sec 0dz'
T 0 AT H 
sec dz
H (-2T sec O + H sec dz' )
+ R TAT 'YH e max fv
33
sec dz, (57)
(58)
where
(59)
sec 0 dz (60)
--
sec dz, (56)
Tb SH
2 0
H e v sec 0dz
AT 2
H+
0
(-2T sec O + H sec 0 dz' )
T Y e max z v
AT 0o e
Regrouping (60) and (61) leads to
2 0H
TH 2 
TAT YH2 0 efYv sec Odz
-2T
+ R e max
see 0 + H yvsee 0 dz'
z see 0 dz
(62)
and
(Tmax sec 0 -f Y sec 0 dz')]s
Tb = TAT -- v sec dz
(63)
The last term from Eq. 58, representing emission from the Earth, can be expanded, if
T sec 0 is small, as
max
-T sec 0
(1-R) T emax
g = (I-R) T {1-T sec0+...}.g max
For total attenuation of 1. 5 dB, the error introduced into the bracketed term of (62) by
neglecting the terms higher than first-order amount to approximately 9. 4%; that is, the
value of the bracketed term would be low by 9.4%. For total attenuation of 1 dB, the
error drops to approximately 3. 5%, and for 0.5 dB the error is 0. 8%. The effect on
TB(H), if one uses the approximation, is to flatten the peak of the brightness-temperature
curve. In (64) Tmax may be separated into the water-vapor and oxygen components
T = (T + ( (65)
max maxH 2 0 + (Tmax)2 (65)0
and the new resultant terms may be redistributed with the water-vapor and oxygen com-
ponents of (59). The oxygen component can be written in final form as
H
°=T' - (-R) Tg YO se 0 dzTO2 02 ¥ O 2
(_fH Yv sec 0 dz')
e 
-(2T sec 0-fHy sec Odz)
max f v+ Re Osee 0dz.
(66)
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and
sec 0 dz
sec 0 dz. (61)
(64)
H
,) TAT {
The water-vapor component in final form is
TH HO TH h (-R) T C YHOsec dz
T T{eH sec Odz -(2T sec 0 -f H y sec dz)
- AT+Re
-(l-R) Tg} yH 2 0 sec 0 dz. (67)
The brightness temperature at the satellite is
TB(H) = TH + T 0 + (-R)T + (Tmax) (68)2 2 ~g Emax'
where E(Tmax) is a correction for the approximation made in Eq. 64. It should be
pointed out that TH o0 and T 0 are not independent of yo and yH 0, respectively, since2 O2 02 2
both contain y = YH + in exponentials.
2 2
A weighting function for atmospheric water vapor may now be easily extracted from
Eq. 67. It is
{ H'Y sec 0 dz -(T sec0-fHYsec dz)[WT]down = TAT Z + Re max z vsec dz)
YH20
- (-R) Tt 2 sec 0, (69)
evaluated at some height z in the atmosphere. The derivation of this weighting function
is due to Staelin. 3 3 Equation 68 can be written, with the aid of (69) as
H
TB(H) = 5 0 [WT]down p(z) dz + To + (1-R)T g + E(Tmax) (70)
More must be said about the quantity R, the power reflection coefficient of the
Earth. In general, this is a very complicated function. For a surface that is smooth
within approximately one-eighth of a wavelength, and is electrically homogeneous, it can
be computed from Fresnel's equations. The results depend upon the complex dielectric
constant for the material, the angle from which the surface is viewed, and the polariza-
tion of the antenna. Furthermore, buried in the complex dielectric constant are more
dependencies: frequency, temperature, salinity for sea water, and the nature of the
surface for solid materials (that is, compactness of the material, sizes of the grains
making up the surface, and so forth).
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Finally, the real surface of the Earth presents no smooth surfaces or large areas
composed of electrically homogeneous materials. The closest approximation to elec-
trical homogeneity is afforded by sea water which does not have the same saline content
in all regions, but the difference is only slight. And, even though the surface of the sea
is seldom smooth, the emissivity of sea water offers the best hope, at present, of
yielding to analytical treatment.
For want of better information, we have assumed a reflectivity value and com-
puted weighting functions according to Eq. 69. The same four diverse atmospheres
that were used in examining the other weighting functions have been used in Fig. 19.
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Fig. 19.
Normalized atmospheric water vapor
e m i s s i on weighting functions for
observations from space.
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Fig. 20.
Climatic variations in the 19-GHz
emission weighting function for
observations from space.
The value of R for all weighting functions has been taken as 0. 6, a reasonable
value for sea water near 1 cm. The ground (or water) temperature T has been
taken in each case as the ground-level atmospheric temperature. It must be borne
in mind that these weighting functions are quite dependent upon R, Tg, and E near
resonance, and therefore those functions depicted in Fig. 19 should be construed as
being only illustrative of the most general properties of the downward brightness-
temperature weighting functions.
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The shapes of the weighting functions for the water vapor part only of the emission
received at a satellite conform closely to the upward-looking weighting functions, as
might be expected. The differences, in fact, between the upward and downward
brightness-temperature weighting functions are not as great as those caused by climatic
variations within either group. The stability of the 19. 0-GHz weighting function shown
in Fig. 20 is somewhat greater than its upward-looking counterpart. The 21. 0-GHz
functions plotted for various climates in Fig. 21 are quite divergent above 8 km, but
they have the redeeming feature that below 8 km the midlatitude, subarctic, and Arctic
curves are closely similar. Only the tropical curve deviates substantially from the
others. Most of the discrepancy is caused, however, by ignoring E, since the atten-
uation for this atmosphere is approximately 1.1 dB at 21.9 GHz.
The height at which the maximum sensitivity occurs at a given frequency is plotted
in Fig. 22. The separation of the curves is slightly greater than for the upward-looking
curves but slightly less than for the similar opacity curves.
The amplitude of TH o for the Tropical, Midlatitude, and Arctic atmospheres is
2
shown in Fig. 23. The amplitudes are similar to those computed for ground-emission
measurements.
Finally, the total brightness temperature that might be observed by a satellite in
midlatitudes is depicted in Fig. 24. The bulk of the radiation originates from the
ground-emission term of Eq. 68, a small contribution increasing with frequency comes
from the oxygen term, and the rest from the water-vapor term. The effect of clouds
would tilt the high-frequency side of the curve upward an amount that depends, for the
most part, upon the liquid water content of the clouds in the beam. The curves in Fig. 25
and Fig. 26 have been calculated with the aid of (56) and, therefore, have no approxima-
tions in them.
3.4 THE 183.3-GHz RESONANCE OBSERVED FROM GROUND LEVEL,
BALLOON, AND SPACE
The water-vapor spectral line at 22. 2 GHz is a relatively weak line, sel-
dom reaching a total atmospheric attenuation of 1.5 dB at resonance. In contrast,
the 183.3-GHz resonance is a very strong spectral line. How strong may be
deduced from Fig. 25. In the moist tropical regions, the peak one-way atten-
uation through the atmosphere reaches more than 200 dB. In dry Arctic regions
the peak attenuation falls below 20 dB, still, however, optically thick. In mid-
latitudes, at frequencies as low as 150 GHz, the zenith attenuation falls to approx-
imately 2 dB, a value that is greater than the attenuation expected anywhere over
the Earth for the 22.2-GHz line.
For surface measurements, such a strong line effectively screens off all radiation
originating very far from the receiving antenna. The attenuation factor in the integral
on the right-hand side of (47) is only small enough to allow radiation to reach the
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antenna from distances very close to the receiver. The first term of the same equation,
of course, is totally lost. For surface measurements, one would expect a uniform tem-
perature over a wide band of frequencies centered on resonance. This is exactly what
occurs.
The cumulative percentage of the radiation that makes up the signal measured by a
ground-based radiometer is plotted against height in Fig. 26 for a midlatitude Standard
Atmosphere. Three frequencies are shown: resonance (183. 310 GHz), a frequency at
which the attenuation is reduced approximately two-thirds (180 GHz), and another fre-
quency far below resonance (150 GHz). The heights below which 90% of the radiation
originates for each of the frequencies are 480 m, 875 m, and 3500 m, respectively.
In Fig. 27, the variation of this cumulative percentage vs height for several
climates is shown for one frequency, in this case, resonance. The 90% heights vary
from 125 m in the Tropical atmosphere to 3250 m in the Arctic atmosphere.
The curves for satellite observations with the 183-GHz line show that the meteoro-
logical information to be gained is confined to the stratosphere. Since Section V is
devoted to the stratosphere, we shall defer discussion of relevant curves for 183-GHz
observations from space.
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IV. OBSERVED AND COMPUTED ATMOSPHERIC ATTENUATION
OF SOLAR RADIATION
During the summer of 1965 and the winter of 1966, an extended program was con-
ducted to obtain high-quality atmospheric opacity measurements near the 22-GHz rota-
tional resonance of water vapor. The measurements were taken at Lincoln Laboratory
of the Massachusetts Institute of Technology. Radiosondes were launched nearby
to monitor atmospheric conditions during the periods of radiometer observations.
The data that they returned were used as a basis to compute the expected absorp-
tion for that day. The purpose of this section is to compare the absorption computed
from the radiosonde data with the actual radiometric observations.
4. 1 MEASUREMENT OF ATMOSPHERIC ATTENUATION OF
SOLAR RADIATION NEAR 1 cm
A microwave radiometer measures energy over a given bandwidth centered at some
frequency in the microwave range of frequencies. The antenna temperature is the quan-
tity actually recorded and is related to the brightness temperature distribution sur-
rounding the antenna as follows:
TAeIt = G(e-', ~-4') TB(e, ,) d(. (71)
TA ("' 41 4-ff4
Here, TA(0', 4') is the temperature that a black body would have to produce the same
average intensity over the spectral interval that is being monitored, G(O-0', 4-4') is the
power gain function of the antenna whose axis is pointed at an elevation angle of 0' and
an azimuth angle of 4' measured with respect to an arbitrarily chosen reference system,
and TB(0, ~) is the brightness temperature distribution that the antenna is monitoring.
The integral is taken over all solid angles. TA may be more clearly related to T B in
the following manner. By using the power gain function as a weighting factor, an average
brightness temperature may be computed as
1 f4, G(0-0', -e') TB(0, ) d2
TB 1 (72)
4w f4,T G(0-0', -') d2
However,
1_ ' G(0-0', j--4') d2 = R' (73)
4Tr
where TIR is the radiation efficiency of the antenna at the wavelength and for the condi-
tions of the measurements. Therefore it follows that
41
TA = 1RTB. (74)
For antennas of highly precise surface contours and large apertures, the power gain
function is so distributed that the brightness temperature in a region only a small angu-
lar distance around the antenna axis contributes significantly (typically 60%) to TB.
The equation governing the brightness temperature at a surface-based antenna
pointing up into a planar, horizontally stratified atmosphere has been shown (see Sec. III)
to be
fH y(v,z) sec dz H -f y(v, z) sec dz'
TB(v) = TE e 0+ y(v, z) TAT(z) e sec 0 dz,
(75)
in which TE is the brightness temperature of any source outside the atmosphere, but
filling the antenna beam.
The second term of Eq. 75 was effectively eliminated by a carefully chosen obser-
vational procedure.
1. Observations of the sun were made. TE is, therefore, T s , the brightness tem-
perature of the sun at the frequency of observation.
2. An antenna was used whose main beam was considerably smaller than the angular
size of the sun's disk at all observed frequencies.
3. Drift scans were taken of the solar disk by placing the antenna axis ahead of the
apparent path of the sun across the sky, recording the brightness temperature of the sun
plus atmosphere, and, after the sun had moved through the beam, recording the atmo-
spheric contribution alone.
4. Finally, the atmospheric contribution was subtracted from the combined total of
sun plus atmosphere.
This procedure leaves one with
-10 y(v, z) sec 0 dz -Tmaxsec 
TB(v) = T e =T e (76)
The contribution of the atmosphere in (76) is now confined to the integral exponent of e;
however, the direct use of (76) is associated with many practical difficulties.
Even though T s may be constant in time, the exact value may be imperfectly known.
Furthermore, the absolute measurement of TB introduces difficulties to the experiment;
the absolute gain of the antenna must be known and careful calibrations must be per-
formed. Since the absolute value of neither T nor TB contains information about the
atmosphere, the necessity for measuring them absolutely is eliminated by manipulating
Eq. 76. First, restate (76) as
-T sec O
C1 Tj(v) = C 2 T e max (77)1 2 ~S
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where the real brightness temperature that is being measured is TB = C1T', and the
actual solar brightness temperature is T s = C2T' with C and C constants. If (77)2 s' 1 2
is rearranged and the natural logarithm of both sides is taken, we have
ln {7f}= ln Cl T (v) sec 0. (78)
Finally, by making several drift scans at different values of sec 0, one may compute
Tmax from the following finite-difference equation:
T M S ~~~~~~~~~~~~~~~~~~~~(79)max -A lnT,( )fTmax~~~~v) = ~ ~~-^~(sec O) 
It is clear from Eq. 79 that in order to measure Tmax(v) it is only necessary to mea-
sure quantities that are proportional to TB and Ts, or to their ratio as a function of
zenith angle. This simplifies the experimental procedure and divorces the results from
any absolutely calibrated measurements. This method was first used, in 1946, by Dicke,
34Beringer, Kyhl, and Vane.34 The equipment that was used to measure the TB of Eq. 77
consisted of a five-channel radiometer constructed and operated by M. I. T. staff and
35personnel. 3 5
While the sun scans were being taken, observations were made visually on the gen-
eral weather conditions, and the conditions that the antenna saw (via a bore-sighted tele-
vision camera). Both were recorded. Furthermore, the hourly weather observations
taken at L. G. Hanscom Field, at Bedford, Massachusetts (U.S. Air Force Base approx-
imately 1 1/2 miles away), were also recorded.
A typical summer day's data comprised approximately 20 scans. The maximum
number of scans for any day was 36. In winter, the average number was closer
to 10 scans per experiment.
4. 4. 1 Reduction of the Data
Considerable attention was given to the reduction of the data in order to extract from
it the most accurate values of atmospheric attenuation that could be obtained by the
available equipment. Filtering included a numerical investigation to see at what eleva-
tion angles the planar approximation of the atmosphere was no longer valid. It was
determined that in sun scans whose values of secant 0 were no more than 9, errors of
less than 2% would be introduced by the sphericity of the Earth. Therefore, data were
used whose zenith angles were less than 82' 49' (elevation angles greater than 7 11').
At these angles, refraction was negligible.
4. 2 COMPUTED ATMOSPHERIC ABSORPTION DERIVED
FROM RADIOSONDES
Thirty-two days of radiosonde information were gathered, together with solar
extinction data. The original plan intended for these radiosonde runs was to monitor
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conditions that the antenna beam was viewing, and use the computed spectra therefrom
as a standard of comparison. This, of course, was under the assumption that the dis-
tance separating the sondes and antenna beams and the time differences between sonde
launches and radiometer experiments would introduce errors that would not invalidate
the expected correlations. From the comparison of computed-to-observed spectra these
assumptions proved to be poor in many cases. The conditions under which they break
down have been analyzed in several cases and they have been documented.
To investigate the error introduced by using finite bandwidths, calculations were
performed simulating the effect of the bandwidth and sidebands for the equipment used
in the experiments. The bandwidths of the radiometers were 8 MHz centered 30 MHz
from the local-oscillator frequency.
The results of the computations showed that for the most extreme atmospheric con-
ditions that were investigated, the largest deviation between the average attenuation of
the two sidebands and the attenuation at the local-oscillator frequency was 0. 0012 dB,
a negligible difference when other errors are considered. Of the average attenuation
over a sideband, only one of the values differed by as much as unit in the fifth dec-
imal place from the absorption calculated at the center of the band.
4. 3 COMPARISON BETWEEN MEASURED ATTENUATION
AND COMPUTED ABSORPTION
The radiometer attenuation as computed from Eq. 79 at 5 frequencies and the
absorption as computed from the radiosonde data for selected experiment days is plotted
in Figs. 28-30.
4. 3. 1 Presentation of Comparable Spectra
The data presented in each figure include: (i) date of the experiment followed by the
time over which radiometer data were taken; (ii) observed weather conditions recorded
under these dates and times; (iii) radiometer results recorded as single dots in the
middle of probable error bars (the errors represent one standard deviation as computed
from Eq. B. 12 in Appendix B); (iv) a solid spectral curve computed from the data
returned by the radiosonde flown on the day of the experiment; and (v) a dashed spectral
curve that may be called "matched spectra." This spectral curve is derived by taking
one of the observed spectral data points (21.9 GHz in the summer data, and 22.235 GHz
in the winter data) and multiplying the radiosonde moisture profile by a factor that
causes the computed absorption to match the observed attenuation (difference <0.001 dB)
at this one frequency. Its uses will be apparent as we proceed.
Four general criteria were employed in classifying the weather groups: (i) stable
conditions, most days clear; (ii) days on which moisture-laden air approached the
antenna site from the West; (iii) days on which dry air was approaching the antenna site
from the West; and (iv) very unstable conditions manifested by considerable cumulus
clouds, towering cumulus clouds, and/or thunderstorms.
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4. 3. 2 Similarities among Spectral Pairs within Weather Groups
Figures 28 and 29 are broken down into the groups defined above as follows.
Date Group Conditions
12 August 65 Fig. 28a Summer: stable, clear or clear weather
for the most part
1
17 February 66 Fig. 28b Winter: stable, clear or clear weather
for the most part
14 July 65 Fig. 28c Summer: approaching moist air mass
2
24 February 66 L Fig. 28d Winter: approaching moist air mass
15 July 65 3 { Fig. 29a Summer: approaching dry air mass
10 August 65 4 { Fig. 29b Summer: unstable, very moist conditions
Each figure best represents its spectral class. In every case several examples of
each set of conditions were obtained during the many days of experiment.
Figure 28a probably represents the closest correspondence that can be expected from
radiometer and radiosonde data. Since it is typical of the spectra taken on stable days,
it represents, too, the best data in this experiment for comparing theoretical with true
line shape. In this regard, the most that can be said is that the theoretical line shape
that was used is certainly adequate within experimental error. Figure 28b represents
spectra taken on a dry, stable winter day. Its over-all low amplitude is in contrast
with that of Fig. 28a. There appears to be little or no bias in the observations on the
basis of total water-vapor content.
The second group of spectra (Fig. 28c and 28d) represents conditions in which the
radiometer is viewing air streaming toward the antenna which contains increasing
amounts of moisture. Data for this type of spectra have been taken early in the after-
noon and show a drier atmosphere than that measured by the radiometer later in the day.
In most instances, the approaching moist air mass accompanies warm frontal activity.
Invariably, the radiosonde is swept in a direction which the dry air takes, which height-
ens the moisture contrast between the radiosonde and radiometer beam.
Figure 29a represents a day on which a dry air mass is replacing a more moist one.
The radiosondes were launched before the radiometer observations were completed and
therefore the radiosondes measured a considerably more moist atmosphere than did the
radiometer.
The final figure (Fig. 29b) represents days on which very unstable atmospheric con-
ditions were encountered. Cumulus development was marked, and thunderstorm activ-
ity was observed. Three radiosondes were launched to monitor conditions. Gross
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differences in the observed and computed spectra are apparent; radiometer measure-
ments show large probable errors; the amplitude of the observed spectra falls between
the computed amplitude for the various radiosonde moisture profiles.
A final figure is included which illustrates what must be a strong effect of absorp-
tion by cloud droplets. Figure 30 shows how the spectral dependence of cloud-droplet
absorption has considerably distorted the observed spectral shape. The higher frequency
data points are well above the matching spectral amplitude. And since moist air was
streaming in aloft, any distortion of the matched spectra which was due to the use of the
vertical shape of the moisture curve derived from the radiosonde should have been in
the direction of a more broadened line. The absorption discrepancy in the high-frequency
wing could be even more pronounced than is shown. The fact that the clouds were
rain-bearing indicates how well microwaves penetrate even dense cloud formations.
It is quite clear from Figs. 28-30 that it is not possible, except perhaps on days with
the most stable conditions, to routinely compute absorption in the microwave region
from radiosonde data and expect it to reliably reflect what might be observed by a radi-
ometer. Spatial and temporal gradients of moisture preclude the use of the radiosonde
information as a useful areal or temporal average profile. Indeed, when proper cali-
bration of a radiometer is taken, there are strong reasons to believe that, at least for
integrated water vapor, the average radiometer is able to measure this quantity more
accurately than the average radiosonde.
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V. DETECTION OF STRATOSPHERIC WATER VAPOR BY
MEANS OF MICROWAVE MEASUREMENTS
3 6-38
On the basis of high-altitude balloon measurements of uncondensed water vapor,3638
Barrett and Chung 3 9 predicted, in 1962, that an anomalous emission "spike" should be
apparent in ground-based microwave observations of the atmosphere at frequencies very
near the 22. 237-GHz water-vapor rotational resonance. This would be the result of
excess water vapor in the stratosphere, excess being determined to be an increase in
the water-vapor mixing ratio, with height somewhere in the region above 30 km.
Since publication of Barrett and Chung' s paper, at least one attempt has been made
40
to detect the spike, besides the effort reported here. That effort showed negative
results.
5. 1 STRATOSPHERIC WATER VAPOR AND ITS RELATIONSHIP
TO MICROWAVE MEASUREMENTS
The earliest authoritative measurements of water vapor in the lower stratosphere
were made in Britain, soon after World War II. (For a review of the measurements of
stratospheric water vapor before 1961 see Gutnick. 4 1 ) These measurements from air-
craft showed a sharp decrease in moisture as the tropopause was penetrated. On the
basis of these measurements, a stratospheric water-vapor model was predicted which
showed that the entire stratosphere was quite dry.
Other investigations of stratospheric water vapor were conducted with the use of
balloons and humidity sensors. The results from many of these flights contradicted the
British model, by showing that, even though a dry region existed just above the tropo-
pause, the absolute density of water vapor at altitudes above approximately 20 km
did not decline many times, and on some occasions even increased with height. The reso-
nant spike predicted by Barrett and Chung was based on such measurements.
One of the major problems that had to be overcome for balloon measurements was
outgassing of water vapor from the measuring apparatus. As apparatus and techniques
have become more sophisticated, especially with respect to the contamination problem,
the very wet stratospheres measured in the 1950's and early 1960's did not occur. Mea-
surements below 30 km at low, middle, and high latitudes, in 1964 and 1965, by
42 43Mastenbrook,42 and at midlatitudes by Sissenwine and his co-workers,43 tend to con-
firm a generally dry stratosphere. Some of the runs do, however, show trends near the
peak altitudes which have interesting implications for the region above 30 km.
5. 1. 1 Model Atmospheres for the Simulation of Stratospheric
Microwave Absorption and Emission
In order to better understand the origin and nature of the stratospheric water-vapor
spike, some model atmospheres have been constructed and investigated. They are
presented in Figs. 31, 32, and 33. Their temperature profiles are the Standard
49
- ~ ~ ~ ~ -
(1) (2) (3) (4) (5)
.O
140 160 180 200 220 240 260 280 300 140 160 180 200 220 240 260 280 300
TEMPERATURE (K) TEMPERATURE (K)
Fig. 31. Standard atmosphere (midlati-
tude), 1962, with 5 hypothetical
moisture distributions.
90
80
70
60
E 50
0to
. 40
30
20
10
Fig. 32. Tropical supplemental standard
atmosphere with 5 hypothetical
moisture distributions.
(1) (2) (3) (4)
140 160 180 200 220 240 260
TEMPERATURE (K)
Fig. 33. Subarctic (summer) supplemental standard
ical moisture distributions.
280 300
atmosphere with 4 hypothet-
50
90
80
70
60
50
0
, 40
30
20
10
0
_ I 1____  _I
(1) (2) (3)(4)(5)
on
Atmosphere, 1962 (midlatitude), and the Tropical and Subarctic (summer) supple-
ments thereto, as presented in the Handbook of Geophysics and Space Environ-
32
ments. (An Arctic supplemental atmosphere appears with the Subarctic atmo-
sphere, but extends only to 30 km. The distribution of temperature above this
level was not available. The profile is included because it was used for the
analyses in Section III.) The moisture curves for the atmospheres (represented
as dew point-frost point curves) up to the 10-km level are means for the lati-
tudes represented. They are also reported in the Handbook of Geophysics and
Space Environments.
Above 10 km, distributions of moisture have been extended to 28 kin, based on the
profiles reported in either Mastenbrook or Sissenwine. Five hypothetical distributions
of water vapor above the 29-km level have been suggested for the Tropical and Midlati-
tude atmospheres, and four for the Subarctic.
The moisture distribution in each case can be smoothly extended to 90 km. The pos-
sibility that photochemical reactions above the 70-km level may deplete the available
water vapor supply is neglected, as suggested by Hunt. 4 4 The effects of excess water
vapor above the 70-km level will show up, however, in our calculations as a very narrow
extension of the spike that we are investigating. Its presence will alter the results that
are most interesting to us very little, that is, the results in which the finite bandwidth
of the radiometer is taken into consideration. And the question of whether saturation
does occur in the region of 80 km, where noctilucent clouds have been observed, is left
open. The particles making up the clouds may be meteoric dust with coatings of ice.4 5
The Subarctic Supplemental Atmosphere, which has the lowest temperature at the meso-
pause of all of the model atmospheres, and is representative of the latitudes and season
for noctilucent clouds, has one hypothetical moisture distribution which is saturated at
the 80-km level.
All of the moisture profiles below 30 km for the atmospheres presented do not exceed
in absolute water-vapor density the wettest atmospheres reported by Mastenbrook. The
water-vapor profiles above 30 km attempt to follow some of the trends that were evident
in the observed data near the top of their ascents. The exact profiles are necessarily
subjectively determined.
In the Tropical and Midlatitude Atmospheres the profiles are constructed with the
approximate scheme of having constant mixing ratios of 2 X 10 6 gm of water vapor per
gram of dry air for profile (1), 2 10- 5 g/g for profile (Z), 2 X 10 - 4 g/g for profile (3),
and two profiles, (4) and (5), which have constant water-vapor densities above a
certain level. The constant mixing-ratio profiles, when these ratios are greater than
the mixing ratios in the lower stratosphere, have been achieved by increasing the water
vapor just above the 30-km level.
The Subarctic atmosphere is similar, except that there is only one constant vapor
density case. This case, however, provides for saturation at the mesopause. Whether
or not saturation occurs at the mesopause during the occurrence of noctilucent clouds
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is not known. If the only source of moisture is from diffusion from the troposphere
through the extreme cold of the tropopause, it appears that a constant mixing ratio of
water vapor-to-air would be expected throughout the stratosphere. Two mechanisms
might upset this: (i) strong localized intrusions of moisture into the stratosphere from
the troposphere and circulation patterns that eventually carry the moisture upward (for
an account of large thunderstorms that penetrate the tropopause see Long44); and (ii), a
secondary source of water vapor at high altitudes. 4 5
For each of the model atmospheres the integrated water vapor above 30 km is listed
in Table 5 (ML stands for Midlatitude, TS for Tropical Supplement, and SS for Subarctic
Supplement).
Table 5. Integrated water vapor above 30 km in microns
of precipitable water for the various models.
Model ML TS SS
1 0.26 0.26 0.31
2 2.6 2.6 3.0
3 18. 19. 11.
4 0.79 0.81 0.66
5 1.97 1.96 -
The values listed in Table 5 compare with 17 and 44 ,u of precipitable water vapor
above 30 km for the atmospheric models used by Barrett and Chung.
5. 1.2 Linewidths for the Model Atmospheres
The existence of the stratospheric spike is based upon the extreme narrowing of the
spectral line at low pressures. How this linewidth varies with height is shown for all of
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Fig. 34. Linewidth of 1. 35-cm water-vapor resonance as a function
of height in the atmosphere.
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the atmospheres in Fig. 34. The slight upturn at 75-80 km is due to the relatively
increasing importance of Doppler broadening at these levels. It depends only upon the
square root of the temperature and therefore fluctuates less than one order of magnitude
over the entire lower 100 km of the atmosphere. It should be noted that at approximately
72 km, the line half-width has narrowed to 100 kHz, and by 90 km is roughly 25 kHz.
5. 1.3 Stratospheric Water-Vapor Spike Produced by Model Atmospheres
If the absorption is computed for the Midlatitude Standard Atmosphere of Fig. 31,
we would obtain the spectrum plotted in Fig. 35. The middle spectrum is that which a
INFINITE RESOLUTION
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radiometer of infinitely small bandwidth would see. The designations ML1, ML2, etc.
are indicators of the height of the spike for each of the stratospheric vapor variations
numbered in Fig. 31. The constant mixing ratio case for the driest atmosphere (w =
2 X 10- 6 g/g) shows no spike at all. The most pronounced spike is produced by the atmo-
sphere which shows a constant frost point (and therefore a constant water-vapor density)
above 30 km. This is quite expected after considering that this model places the
greatest amount of water vapor at the highest levels.
It is conceivable that technology might produce acceptable radiometers of bandwidths
near 1 MHz sometime in the future. If so, the spikes will be altered by the intrinsic
averaging that such a finite bandwidth imposes, as shown by the spike drawn on the left
in Fig. 35. The relative heights of the spike produced by the various model strato-
spheric moisture distributions are now altered toward those atmospheres with the
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greatest total moisture above 30 km.
If the bandwidth is 8 MHz, as it was in each sideband of the radiometer used for the
measurements reported in Section IV, then the spike would be further reduced to that
shown on the right in Fig. 35.
Finally, if the radiometer has a double sideband, then all of the spike heights must
be reduced by one-half again. In the case of the 8-MHz bandwidth spikes, the chances
for detecting any but the most moist stratospheric conditions, when errors of 0. 01 dB
are expected, appear to be very slim.
5.2 RESULTS OF OPACITY MEASUREMENTS AT 22. 237 GHz
One of the purposes of the summer observations reported in Section IV was to search
for the stratospheric water-vapor spike. Accordingly, one of the five radiometers was
tuned so that one of its two sidebands covered the frequency region at and near
22. 237 GHz. From the discussion in section 5.1. 2 about double-sideband 8-MHz reso-
lution radiometers, it would not be unexpected that results were negative. The one fact
that was established was that on only one day (14 July 1965) did the absorption at
22. 237 GHz exceed the value that might have been expected from water vapor in the
troposphere alone. The matched spectra always equalled or exceeded the absorption
observed at 22. 237 GHz, when at 21. 9 GHz the observed attenuation and computed
absorption were numerically equal.
Besides those shortcomings of the experimental design which have been brought out,
other experimental problems reduced the chances of detecting a spike, if it had existed:
(i) the local oscillator for the resonant frequency radiometer drifted in frequency, how
much during any one experiment is uncertain; and (ii) atmospheric inhomogeneities and
variability increased the noise levels on many days well above 0.01 dB.
5. 2. 1 Ground-Based Brightness Temperature Measurements near 22. 237 GHz
Figure 36 shows the spikes one would measure if he were monitoring atmospheric
emission in the model midlatitude atmospheres. The relative amplitudes of the spikes
are not changed substantially from the opacity cases. Linewidths of the various spikes
are similar to those in the opacity computations, and, therefore, the effect that a finite-
bandwidth radiometer produces is similar to those documented in Fig. 35 for opacity
measurements.
5. 2. 2 Opacity and Brightness-Temperature Measurements
from a Ballbon
Calculations were carried out on the various stratospheric water-vapor distributions
to simulate the measurements that a balloon-borne radiometer would collect at 28 km.
They can be visualized for the opacity measurements simply by removing the broad
tropospheric absorption base upon which all spikes analyzed thus far have been perched.
The only perceivable change occurs in the amplitudes of the brightness-temperature
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spikes. They have been raised by a factor of approximately 15%, because of the
decreased attenuation between the region in which the spike emission originates and the
level of the antenna.
5. 2. 3 Brightness Temperature Measurements from Space near 22. 237 GHz
When a radiometer looks down at the Earth, it sees the background emission attenu-
ated by the atmosphere plus the reflected and direct atmospheric contributions. When
the atmosphere is more opaque, the atmospheric contribution increases, but the back-
ground radiation is diminished; this compensation reduces the amplitude at resonance
from that seen for measurements from the ground at the same frequencies.
Such compensation significantly reduces the spike amplitude as seen from space over
a background whose temperature is 288°K and has a power reflection coefficient of 0. 6.
This is illustrated in Fig. 37. The comparable upward-looking amplitude was plotted
in Fig. 36.
The amount of compensation and therefore the amplitude of the spike will vary greatly
as the background temperature and emissivity change. For lower reflection coefficients
(higher emissivities), the background compensation is greater and the amplitude of the
spike is reduced further. Qualitatively similar results were reported by May and
Kahle 4 5 and by Croom.4 6
5.3 MEASUREMENTS OF STRATOSPHERIC ATTENUATION
AND EMISSION NEAR THE 183-GHz WATER-VAPOR
ROTATIONAL RESONANCE
The 183-GHz water-vapor resonance is nearly two hundred times stronger for similar
conditions than the 22. 237-GHz rotational resonance. As a result, the sensitivity for
monitoring very small amounts of water vapor, such as are found in the stratosphere,
is greatly increased for measurements near the higher frequency line.
We shall investigate the results that might be expected from atmospheric measure-
ments near 183.310 GHz.
5. 3. 1 Stratospheric Absorption and Emission near 183.310 GHz
as Measured from a Balloon at an Altitude of 28 km
The 183-GHz line is so intense that measurements from low levels in the troposphere
produce brightness temperatures equal to the kinetic temperature of the nearby atmo-
sphere. At 28 kin, however, a convenient level for a balloon-borne radiometer to attain,
well over 99% of the total water vapor in an atmospheric column is below the balloon. The
22. 2-GHz resonance is not capable of measuring emission from the small water vapor
above 28 k, except in those stratospheres postulated to be very moist. On the other
hand, the 183. 3-GHz line is sensitive to the water vapor, even in the driest of the pro-
posed model stratospheres.
In Fig. 38, the zenith absorption near resonance is plotted for the five midlatitude
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atmospheric models (Fig. 31) which a radiometer would measure from a height of
28 km. For the stratosphere which contained the maximum integrated water vapor
of the five models (ML3), and for the atmosphere with considerable moisture near
the mesopause (ML5), the absorption on resonance attains values near 70 dB! Even
the driest stratosphere that has been proposed (ML1) has a peak absorption of
0. 79 dB. This is often more than the total zenith absorption measured on the ground at
22.237 GHz.
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Fig. 38. Possible total zenith opacity in
midlatitudes, above 28 km, near
the water-vapor resonance cen-
tered at 183. 310 GHz.
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Fig. 39. Emission spectra in midlatitudes,
near 183.310 GHz, looking up
from a height of 28 km.
If emission measurements were made in the same atmospheres, the spectra plotted
in Fig. 39 would be obtained. The sharp peaks of the absorption spectra are now blunted
because the coldest temperatures of significance are near the radiometer; higher opacity
brings the effective origin of the radiation that is being measured closer to the radiom-
eter and, therefore, into colder source temperatures. The result is to effectively
broaden the lines.
A suitable bandwidth for the detection of the 183. 3-GHz spike from a balloon would
be considerably greater (by approximately 8 to 10) than the bandwidth necessary at
22. 2 GHz. This is offset, of course, by the difficulties in building narrow-band radiom-
eters at such frequencies.
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5. 3. 2 Spectra near 183. 3 GHz Obtained from Simulated Measurements
Made from Space
Looking down at the Tropical and Midlatitude atmospheres near 183 GHz, one would
see spectra for the direct stratospheric cases as plotted in Fig. 40. The level of the
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Fig. 40. Emission spectra from space
near 183 GHz above a tropical
and midlatitude atmosphere.
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effective origin of the radiation rises as resonance is approached. For atmosphere
ML1, on resonance, 90% of the radiation arises between the 4000-11, 000-m levels; off-
resonant frequencies see further into the atmosphere and therefore warmer effective
temperatures. The Tropical atmosphere contains more moisture than the Midlatitude
model; therefore, the effective origin of radiation is at higher and colder levels near
resonance, which explains the deeper minimum.
The level of the effective origin of radiation at resonance continues to rise as the
moisture concentration in the stratosphere increases. Eventually, with enough water
vapor, the effective origin of radiation measured at a satellite moves above the tropo-
pause and the atmospheric temperature, and, therefore, the brightness temperature
measured at the satellite begins to increase. Superimposed on the minima of Fig. 40,
near resonance, would be a secondary maximum. And even if more moisture is added
to the stratosphere, the level of the effective origin of radiation that is being measured
can move above the stratopause and into declining temperatures again in the mesosphere.
Superimposed on the secondary maximum would now appear a spike pointing toward lower
temperatures. Such a situation is shown in Fig. 41. The secondary maxima a few MHz
off resonance are almost equal to the temperatures at the stratopause. The resonant
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minima have begun to plunge toward the very low mesopause temperatures.
The obvious conclusion to be drawn is that measurements near the 183-GHz line offer
a potentially powerful tool for exploring the amount and distribution of stratospheric
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Fig. 41. Possible emission spectra seen from space near
183.310 GHz over moist stratospheres.
water vapor, given an approximate knowledge of the temperature distribution as a func-
tion of height. When radiometers are built with suitable bandwidths and noise factors,
and with physical dimensions and weight that are adequate for satellites, they
undoubtedly can be coupled with radiometers that monitor the spectrum in and near the
complex of oxygen lines near 5 mm, and from which one can determine the temperature
distribution in the stratosphere. Such a combination will be a very effective means of
mapping, on a synoptic basis, the amount and distribution of stratospheric water vapor.
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VI. INTEGRATED ATMOSPHERIC WATER VAPOR
As was shown in Section IV, solar attenuation measurements reveal significant day-
to-day variations in the shape and intensity of the 1. 35-cm water-vapor spectral line.
Furthermore, these variations have been shown to arise from changes in the total amount
and the vertical distribution of water vapor. A question naturally arising is: Given the
spectral data, what important meteorological information for daily forecasting may be
extracted from it? We shall explore the possibility that spectral measurements can give
information about the vertically integrated atmospheric water-vapor content.
The problem can be approached from any of the sets of spectral measurements that
were presented in Section III. Because there are existing data for total zenith opacity,
however, the problem will be analyzed from the standpoint of such measurements.
6. 1 STATEMENT OF THE PROBLEM
For any given set of atmospheric conditions, the total zenith opacity has been defined
in Eq. 43 as
rH
Tmax(V) = S YT(v, z) dz. (80)
In Eq. 80, Tmax(V) is the attenuation that would be measured at the zenith, YT(v, z) rep-
resents all of the mechanisms of attenuation and will depend upon the frequency and
where the observer is located in the atmosphere. H, as before, is a height above the
levels of significant attenuation.
If we restrict ourselves to a frequency region sufficiently close to the 1. 35-cm rota-
tional resonance of water vapor, YT may be conveniently broken down into several parts,
each of which represents separate physical mechanisms of attenuation. This separation
can be symbolically written
YT YRES + YNONYO + YRI (81)2
where YRES represents the attenuation that is due to the 1.35-cm resonance alone, YNON
represents the attenuation from the wings of all higher frequency water-vapor lines, YO2
is the attenuation coefficient for oxygen (Appendix B), and YR represents the attenuation
from all sources not specified above. In the analysis, it will be assumed that YR is neg-
ligible. On clear days, this is a safe assumption; on days with heavy clouds, however,
YR can contribute significantly to YT.
Similarly to the breakdown of YT' Tax may be thought of as consisting of separate
contributions from each part of YT' so that we may write
TRES(vH) = YRES(, z) dz, (82)
TRES (V) 0YRES (v, ) dz, (82)
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where TREs is the zenith opacity arising from the 1.35-cm resonance alone. For the
moment, let us assume that TRES can be determined from measurements of TMAX; our
problem then becomes one of understanding how TRES is related to the integrated atmo-
spheric water vapor.
The full equation of YRES is represented by Eq. 3. It may be conveniently expressed
as
RES(V, P, T, p) = Cpv 2f(T) S, (83)
where C is an appropriate constant, p is the density of water vapor, v is the frequency
of observation, f 1 (T) is given by
f1 (T) = exp {- 64} T-5/2, (84)
and S is a derivative from the line-shape factor. S is not perfectly known, but can be
adequately approximated for our purposes from the van Vleck-Weisskopf expression
(Eq. 14). When fully written out S is given by
_ _ _ 1 
S = AV 2+ 21'(85)
(V-Vo) + Av2 (v+v) + Av (
in which v is the resonant frequency for the transition (22. 237 GHz) and Av is the half-
width at half-maximum for the spectral line.
For pressures between approximately 1 atm (~1000 mb), and perhaps 1.5 X
103 mb, Av has been shown to be quite accurately approximated for the 1.35-cm
line by
p / pT(
AV1. 35 = B T0 625 +al. 35 p) (86)
where B is an appropriate constant, P represents total atmospheric pressure in
mb, T the kinetic temperature in degrees Kelvin, and p the water-vapor density in
g/m3. If we neglect the small contribution of p to Av, it is apparent from the equa-
tions above and the discussion accompanying Fig. 10 that for homogeneous conditions,
the line becomes narrower and more intense as the pressure is reduced. In the
atmosphere, the pressure diminishes logarithmically with height and therefore the
spectrum of TH O is composed of a complex combination of many different line
shapes.
To overcome the problem of changing line shapes, it is desirable to formulate a sol-
ution that either does not depend upon Av at all or, at the very least, restricts its impor-
tance. One method, which is the one that will be investigated now, takes advantage of
the properties of the zenith opacity-weighting functions.
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6.2 TOTAL INTEGRATED ATMOSPHERIC WATER VAPOR BY THE
METHOD OF COMPOSITE WEIGHTING FUNCTIONS
The discussion of water vapor weighting functions for various microwave measure-
ments, in Section III, pointed out and illustrated the property of "sensitivity." That is,
at a given frequency there exists a height at which a unit density of water vapor contrib-
utes most effectively toward increasing the value of the parameter that is being mea-
sured. From Fig. 8, the maximum sensitivity for 19. 0 GHz occurred at the ground,
for 21. 9 GHz the maximum was near 16 kin, and for 22. 237 GHz the sensitivity was
greatest at the top of the atmosphere.
For the purpose of measuring the total integrated water vapor, the ideal weighting
function would be a constant with height. For such a weighting function, a given amount
of water vapor at any altitude would produce an exactly similar effect on measuring
apparatus at the ground; the parameter that is being measured would be directly pro-
portional to the integrated water vapor.
An approximation to such an ideal weighting function may be constructed from a
combination of real weighting functions by considering the following analysis.
Using the weighting-function notation, the total zenith opacity for a given set of atmo-
spheric conditions is
cH
H 20(V) J 3 p(z) WT(v, z) dz. (87)TH2d0v =
We define a new function L which is given by
00L(z) - a(v) W (v, z) dv. (88)
o~~~
Furthermore, we choose the a(v) such that
L(z) = constant. (89)
Equation 87 can be rewritten, as a consequence, as
00o i H r o
a(v) T(V) dv = p(Z) a(v) W (v, z) dvdz
rHs0 SH" as)0
= L p(z) dz. (90)
The integrated water vapor v can be separated out and written
f' a(v) T(v) dv
V L (91)
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Detailed consideration of the form of YRES shows that a(v) and L exist and have the
following proportionalities:
a(v) (92)2
V
HL p exp{-644/T} T - 5 / 2 dz
L ~ f(T) = ~-(3
1 fH p dz
The solution for v, by using (91), has introduced the possibility of approximating
the integrated water vapor without becoming involved with the complexities introduced
by changing line shapes with altitude.
This may be seen more clearly by restating the problem in terms of a set of dis-
crete measurements of total zenith water-vapor opacity. Now, let L(z) be written
L(z) = a(vi ) WT(vi, z) 6v i , (94)
i
where the v i are small frequency intervals in which the average value of the weighting
function is W . Choose the a. such that
T 1
S {L(z)-L} dz (95)
is a minimum, where
_ fH L(z) dz
L =* H (96)H
Then the best approximation possible for the integrated water vapor, with only the set
of i opacity measurements used, is given by
Z a( i) T( i) 6 i
iv = L (97)
The value of using Eq. 97 is that since the W i are nearly constant over widely
occurring atmospheric conditions, then the a i and L will also be nearly constant. And
also, a very important consideration is that the weighting functions include YNON; that
is, the only separation that must be made after measuring Tmax is that between the oxy-
gen and water-vapor contributions. The only task remaining is to find frequencies which
best satisfy (95).
Several composite weighting functions L(z) are presented in Fig. 42. They are con-
structed from combinations of weighting functions whose frequencies were those moni-
tored for the observations reported in Section IV. Two of the curves in Fig. 42 (labeled
63
__ __
21. 9 and 29.45) are for combinations of 21.9 GHz and 29.45 GHz weighting functions.
The third curve (labeled 2. 237, 23. 5, and 29. 45) was derived from the weighting func-
tions at 22. 237 GHz, 23. 5 GHz, and 29. 45 GHz. The first two composite weighting func-
tions show considerable deviations from L in the critical first two kilometers of the
atmosphere. Undoubtedly these can be improved by optimizing the two frequencies used
in the synthesis.
The two-frequency curve which shows a deviation from L of approximately 5% in
the first 4 to 5 kilometers was arrived at by using an exponential weighting function to
emphasize the region of the atmosphere near the surface of the Earth where water vapor
predominates. Expression (95) was modified in that case, so that
H {L(z)-E} ez/H dz(98)
was minimized, where Hs is some adjustable scale height that can be used to determine
the emphasis placed on the layers near the surface. In the examples of Fig. 42, H s was
5 km. When (98) is used, then (96) must also be modified to read
-z/H s
_ f L(z) e dz
L = .(99)
H -z/H
f~e dz
The three-frequency curve in Fig. 42 deviates from L no more than 2% at any level.
It represents a remarkably constant L(z). It was also derived by emphasizing the lower
regions of the atmosphere, but it is apparent that this was probably unnecessary.
The a(vi) from the weighted two-frequency curve in Fig. 42 and the a(vi) from the
three-frequency curve were used on radiosonde absorption computations to determine
- Ji/ ,/
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21904}- z 629.45 FUNCTION)
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WEIGHTING /
FUNCTION) {2.0
I /
- I \
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i) COmpOSITE W IGHTING FNCTION.
Fig. 42. Several composite weighting functions L(z).
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Table 6. Comparison between the integrated water vapor as computed from
Eq. 100, and the integrated water vapor actually observed by radio-
sondes. The bias when all observations are considered as one set is
-0.039 g/cm2 , and the RMSE is 0. 029 g/cm2.
Integrated H 2 0 Integrated H2 0
Radiosondes 2-FrequencyExperiment 2 2
(g/cm ) (g/cm
Summer
(M.I.T.) 15
(AFCRL) 15
19
21
22
27
28
29
3
5
(1405) 10
(1804) 10
(2043) 10
11
12
15 June 1965
16
21
22
1 July 1965
8
13
14
August 1965
AVERAGES:
1. 564
1.565
2. 771
1. 227
1. 950
2. 881
2. 067
3.016
2. 775
2. 158
1. 644
2. 004
2. 107
1. 525
2. 344
1. 869
2. 758
1. 886
4. 241
3. 908
3. 280
3. 299
2. 405
2. 402
1. 563
1. 559
2. 688
1.187
1.918
2. 799
2.011
2. 892
2. 706
2. 106
1.607
1. 976
2. 071
1. 495
2. 291
1. 832
2.701
1.834
4.118
3. 804
3. 200
3.216
2. 333
2. 344
2-Frequency Case
RMSE = 0.036 g/cm2
BIAS = -0. 058 g/cm2
Winter
10
14
17
18
23
29
3
4
7
10
14
Feb. 1966
March 1966
AVERAGES:
1.752
1.102
0. 318
0.815
0. 631
1.159
0. 691
3. 540
1.134
0. 845
0. 643
1. 148
1. 743
1.117
0.321
0. 838
0. 652
1.186
0. 694
3. 539
1.110
0.816
0. 626
1. 149
RMSE = 0.016 g/cm2
BIAS = +0. 001 g/cm 2
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Table 7. Comparison between the integrated water vapor computed from Eq. 101,
and the integrated water vapor actually observed by radiosondes. The
2bias when all observations are combined is +0. 035 g/cm, and the RMSE
is 0. 020 g/cm 2 .
Integrated H20 Integrated H20
Date of Radiosondes 3-Frequency
Experiment 2 2
(g/cm 2 ) (g/cm )
Summer
15 June 1965
16
21
22
1 July 1965
8
13
14
15
15
19
21
22
27
28
29
3
5
10
10
10
11
12
August 1965
AVERAGES:
1. 564
1. 565
2. 771
1. 227
1. 950
2. 881
2. 067
3.016
2. 775
2.158
1. 644
2. 004
2. 107
1.525
2. 344
1. 869
2. 758
1.886
4. 241
3. 908
3. 280
3. 299
2. 405
2. 402
1.617
1.625
2. 794
1.223
1. 984
2. 908
2. 078
3.013
2. 798
2. 181
1.666
2. 045
2. 135
1.547
2. 378
1. 904
2. 804
1.909
4. 271
3. 941
3. 306
3. 330
2.415
2. 429
3-Frequency Case
BIAS = +0.027 g/cm 2
RMSE = 0.014
Winter
10 Feb. 1966
14
17
18
23
29
3 March 1966
4
7
10
14
AVERAGES:
1.752
1.102
0.318
0.815
0. 631
1. 159
0. 691
3. 540
1.134
0. 845
0. 643
1.148
1.813
1. 160
0. 340
0. 864
0. 671
1.219
0. 714
3. 660
1.193
0. 882
0. 673
1.199
BIAS = +0. 051
RMSE = 0.028 g/cm 2
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(M. I. T.)
(AFCRL)
(1405)
(1804)
(2043)
how accurately integrated water vapor could be estimated if the spectral data were per-
fect. The results are listed in Tables 6 and 7.
The first table shows the results of using two frequencies only. The a(vi) for these
two frequencies were found empirically and have the values
a(21.9) = 1.672 g/cm2 dB 1
a(29.45)= 6.015.
The equation giving the integrated water vapor, therefore, is
= 1. 672 T(21. 9) + 6.015 T(29.45) g/cm, (100)
where the T's are in dB and the a' s have been so adjusted that L = 1 v.
It will be noticed that all of the errors for the estimated summer integrated water
vapor are low by an average of -2.3%, which is to be expected, since L(z) for this case
is less than L in the lowest 5 km. L(z) is, however, low by approximately 5% in this
region where most of the water vapor is and one must therefore draw the conclusion that
the weighting functions that were used to construct L(z) were probably a few per cent
lower than the average weighting functions of the summer atmospheres examined in
Table 6 to explain some of the difference between -5% and -2.3%.. This will be shown
to be more likely when we investigate the three-frequency case. If all of the estimated
integrated water-vapor values are increased by the magnitude of the bias, that is,
20. 058 g/cm , then only three days' estimations would show errors greater than 1.0%.
The same cannot be said of the winter two-frequency estimations. The error spread is
from -3.4% to plus 3.3%, thereby reflecting the effect of colder temperatures on the
weighting functions. For the entire set of data, including both winter and summer, the
bias is seen to be -0. 039 g/cm 2 and the rms error (RMSE) is 0. 029 g/cm2, approxi-
mately 1.5% of the average value for the integrated water vapor.
From these results, it is reasonable to expect that for two optimized frequencies
and no adjustments of the a(vi) for temperature, accuracies within ±5% of the true value
are obtainable year round in a climate such as Massachusetts exhibits. By using a(vi)
adjusted for temperature, the accuracy can probably be increased to ±2%, with the aver-
age error approaching zero in each season.
The results for the three-frequency estimation are listed in Table 7. The a(vi) for
this composite weighting function are
a(22. 237) = 0. 385 g/cm 2 dB 1
a(23. 5) = 2.161
a(29.45) = 4.322.
As in the case of the a's for the two-frequency L(z), the constants above are adjusted
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so that L = 16v and, therefore,
v = 0. 385 -r(22. 235) + 2. 161 T(23. 5) + 4. 322 T(29. 45). (101)
Surprisingly enough, despite the considerable improvement in the constancy of L(z)
for the three-frequency case, the summer estimates are not substantially better than
the two-frequency estimates. If the bias of +0. 027 g/cm2 is removed, there are actu-
ally more days for which the error is greater than 1. 0% than in the two-frequency sum-
mer results. The spread of the winter data, however, is considerably smaller than in
the two-frequency winter results, even though a much stronger bias is evident. Without
seasonal or temperature adjustments of the a(vi), there is no reason to expect better
results over several seasons than with two frequencies. With seasonal adjustments only,
some slight advantage probably lies with the three-frequency method. More statistics
are necessary to properly decide how much better three-frequency observations are than
two-frequency.
These results were quoted for perfect data, and errors reflect deviations of L(z)
from L and fluctuations in the weighting functions with varying atmospheric conditions.
More error must be expected from imperfect spectral data.
Some general remarks are in order about the errors introduced by observational
data. If obtaining optimum integrated water-vapor estimates is the only criterion upon
which frequencies for observation are chosen, then they should be chosen to be as low
in frequency as possible for two reasons: (i) the effects of clouds are diminished; and
(ii) equipment is more reliable. For instance, the 19. 0-GHz weighting function is very
similar to the 29. 45-GHz weighting function used in our experiments and would be a
much wiser choice. This is especially true when one realizes that the same absolute
errors in measuring Tma are multiplied by some factor at the off-resonance frequen-
cies, that is,
a(29. 45 GHz)
= 4.
a(21. 9 GHz)
Three frequencies do help to alleviate the problem of having noisy data at one frequency.
This redundancy will probably be the most important reason to have three rather than
two frequencies for observations.
No attempt has been made to evaluate the integrated water vapor from the observa-
tions in Section IV, mainly because no standard of comparison exists for the results.
But an error analysis can be done by using the quoted errors on observations to estimate
the uncertainty of the integrated water-vapor estimates. If the integrated water vapor
is given by
v = aiTi, (102)
then the error in v can be approximated as
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which gives the mean- quare error for uncorrelated errors in the T as)
which gives the mean-square error for uncorrelated errors in the Ti as
E[e 2(v)] = E
aje(Tj)}j
= E[I aie2(Ti)
= {j ai2E e2(Ti)]j, (104)
1)~~~~~~~~~~~~~~~~
where E[ ] is the expectation. This assumes no error in the ai . For a day of good
observing e(Ti) can be expected to be near 0. 01 dB on all channels. Therefore, for the
two-frequency case, approximately
E e 2 (v) = (1.67 0. 0 1)2 + (6. 015 0.01) 2
= 0. 00384
or the rms error can be expected to be near
2RMSE (v2 ) = 0. 062 g/cm2 .
For a typical day, one might expect 2 g/cm 2 of integrated water vapor, so that the RMSE
would be equivalent to approximately a 3% error.
For the three-frequency case
E[e2(v 3 )] = (0. 385 0.01)2 + (2. 161 0.01)2 + (4.322 0.01)2
=23.498 X 104
or
2
RMSE (v3 ) = 0. 048 g/cm2 .
The three-frequency RMSE is equivalent to approximately 2. 5% error on the basis of
2 g/cm2 of integrated moisture. Both errors computed above are greater than those
expected from variations in L(z) and therefore constitute the limiting factor in the accu-
racy of this technique.
6.3 OXYGEN CONTRIBUTION TO T
max
There still remains the separation of TH O from Tmax in order to evaluate v.
2
Following the example of Eq. 81, for any given set of atmospheric conditions, Tax
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may be broken up as follows:
Tmax = TH0 +T 0 + TR. (105)2 2
As before, T will be considered to be negligible. The contribution from T is small
R 02
but never negligible, and in some cases of extremely dry conditions (the Arctic, for
instance) will exceed TH 0 Similarly to Eq. 82, T may be expressed as
2O 2
rH
02 0 dz. (106)
TO2 0 2
y0O may be conveniently expressed (see Appendix B for the full equation) as
Y = C PT -3 2 S e n/kT (107)
O2 = 2 
n
where yOis in dB/m if P is the total pressure in mb, T is the kinetic temperature in
02
degrees Kelvin, v is the frequency of the penetrating radiation in GHz, and C 1 is a
constant equal to 2.015 X 10 , E n is the energy in the same units as kT of the lower
rotational state of a given transition, each of which is designated by n, and k is
Boltzmann's constant. The summation is carried out over all transitions that link
significantly populated energy states at atmospheric temperatures.
The meaning of the Sn is given in Appendix B. A common factor to all the terms
of the Sn is the half-width (assumed to be the same for all transitions) Avo 0 . There-
fore, we can write 2
Se-E n/kT Ao2 -En /kT
S jen S e (108)
n n
where
Av= C 2 PT-0 8 5 (109)
A2 
AV is given in GHz when C is 7. 75 X 10 - 2 GHz/mb, and P and T are in millibars
0o2
and degrees Kelvin, respectively.
By removing the common factor of AVo the S' in the region of 22 GHz are now0' n
almost independent of Avo . This follows from Eq. B. 4, and the inequalities vn 2v
02
and vn >_ 7Avo, where the vn are the resonant frequencies of the oxygen transitions.
2The summation r maining is a function of temperature through the Boltzmann term.The summation remaining is a function of temperature through the Boltzmann term.
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Figure 43 is presented to illustrate how the value of the summation from the right-hand
side of Eq. 108 behaves as a function of temperature. It is very closely approximated
by a linear function of T. Therefore, from Eq. 109 and the discussion above, (107) may
be rewritten
Y¥ (v = constant) = C 3 P 2 T - 3 8 5 {C 4 +C 5 T}, (110)2
where, for in dB/m, C 3 is given by
2
C3 = C1 C2 v2 = 1.55 X 10 4 v2 (111)
and v is in GHz. At 19 GHz,
C 4 = 0. 012
= 1. 725 -3C = 1.725X105
Figure 44 gives a comparison of the computations of total zenith opacity attributable
to oxygen by the full equation (107) to that from (110) for a number of radiosonde runs.
The small systematic error of 0. 0008 dB results from ignoring the pressure dependence
of from Eq. B. 8.
Despite the simplifications of Eq. 110, we are in no better position to simply esti-
mate the oxygen zenith opacity of the atmosphere. Certainly, if measurements of the
vertical profile of temperature and pressure can be made in order to use (110), the water
vapor can be measured also. The only convenient parameters that will be measurable
at a radiometer site will be surface pressure and temperature. Therefore it will be nec-
essary to use these as inputs to any scheme that estimates the contribution of T to
O2
T
max
In order to produce such a scheme, several assumptions are necessary. First, we
assume that all of the attenuation attributable to oxygen near 22. 2 GHz occurs in the low-
est 12 km of the atmosphere. This is reasonable for two reaons: (i) at the height of
2 km in the Standard Atmosphere 1962, the pressure is approximately 20% of the sea-
level value. This introduces a factor of 1:5 for attenuation in regions above and below
this level; (ii) the effective pressures in the two regions are approximately in the ratio
of 1:4, thereby introducing another factor of 1:16 in the strength of Yo2 above and below
12 km, because of its dependence on pressure squared. The two factors taken together
represent roughly an effective attenuation in the two regions of approximately 1:80, with
temperature effects disregarded.
Second, we assume that pressure decreases exponentially with altitude with a scale
height of 8 kin, that is,
-z/H 
P(z)=P e P. (112)
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where Hp = 8 km, and P is the surface pressure. The average pressure over this
rgoip vbs
region is approximately given by
P e
S
12f0
-z/Hp HpPs
H P 1 _ -12/Hp)
~ - 1 2 '\ 
-P /2.
S
(113)
The validity of the assumption of an exponential decrease in pressure is investigated in
Fig. 45. The two radiosonde curves mark the extreme summer and winter profiles of
pressure versus height. For the first four to six kilometers the approximation appears
to be a good average of the extremes. At higher levels, the scale height changes,
because of decreasing temperature, and the fit is not as good. Nevertheless, we shall
retain the approximation at all levels.
12
10
8
I
0Ir
4
2
0
P = P e-Z/H p Hp = 8 km
EXTREME SUMMER
200 300 400 500 600 700 800 900 1000
PRESSURE (mb)
Fig. 45. Exponential approximation to the dependence of
pressure with height.
The third approximation will be that the temperature decreases linearly with height
at a rate near 6. 5K per km up to the 12-km limit. This is approximately true for mean
atmospheric conditions. To establish an average temperature that is meaningful for
Eq. 110, we must take into consideration that its importance is associated with the
pressure squared.
If
T(z) = T + z
S
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in which Ts is the surface temperature, is the vertical gradient of the temperature
equal approximately to -6. 5°K/km, and T(z) is the temperature at the height z, then
a pressure squared weighted temperature is given by
12  -2z/H2 p2 e P (T +rlz) dz
s~ sT =
-2 Z/Hpdf12 p2 e /dz
=T - b, (115)
s
where b = 22 °K for an atmosphere whose vertical temperature gradient is -6. 5°K/km.
If we substitute these average quantities for P and T in Eq. 110 and the result into
(106), with the full realization that the averages ignore such possibilities as systematic
correlations among themselves, deviations from the model, and are, therefore, only
rough approximations to the real averages, we have a entative approximation for the oxy-
gen attenuation. It requires only that we know the pressure and temperature at the
observation site. The general expression is
T (v const.) = { (P,T)} h (116)
0 2 ~ ~~ 2 
s (T-b)f [C4+C (Ts-b)] 12 X 10 3 dB. (117)
a
-2
TO at 19 GHz is in dB when C 3 = 5.60 X 10 , andC 4 and C 5 are the same as before.
02
The constants a, b, and f, from our previous analysis, are approximately equal numer-
ically to 2, 22°K, and 3. 85, respectively.
Empirical values of a, b, and f were found that produced the best over-all correla-
tion between the approximate T calculated from Eq. 117, and the full equation from02
Appendix B for the 34 radiosonde runs reported in Section IV. The results showed that
it was necessary to change the temperature exponent from 3. 85 to a lower value. This
changed the value of C 3 considerably. The final approximate equation, valid only at a
given frequency v, can be written
TO (V = const.) - C 6 PS (Ts-b)- [C4 +C 5 (TS-b)]. (118)02
In (118), C6 incorporates the constants C 3 and a, and the integration height of
12 X 10 meters from (117). For v = 19 GHz and T in dB, with pressure given
02
in mb, temperature in degrees Kelvin, the various constants have the following
values:
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C 4 = 0.012
C = 1. 725 X 10 35
C = 6. 7 X 10- 26
b = 21 °K
f= 2.40
19 GHz
A comparison between T as calculated from Eq. 118 and the full equations in
O2
Appendix B is shown in Fig. 46. The maximum deviation between the approximated
~~~~~~~~-3and nonapproximated values is 2.4 X 10 3 dB for all of the summer and winter radio-
sondes reported in Section IV. The rms error is approximately 1 X 10 - 3 dB. The mean
value of T is approximately 50 X 10 - 3 dB, so that a mean error of approximately 2% can
2
be expected from using Eq. 118 around the Boston area. For other regions, C 6 , b, and
f will no doubt need to be optimized again.
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Fig. 46. Comparison of T0 as computed from the final approximate
2
equation and T0 computed from the full equation.
2
The decrease in the temperature exponent f from 3. 85 in Eq. 110 to 2.40 in (118)
can be attributed to systematic correlations between surface temperature and (i) the
pressure scale height, (ii) the vertical lapse rate of temperature, and (iii) the optimum
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surface temperature. (The author's thesis gives details of these correlations.47)
Equation 118, with the values of the constants quoted, is valid at 19 GHz only. To
extend it to values through 32 GHz, the following empirical formula is accurate within
0. 001 dB:
T0 (v) = (v=19 GHz) 2.229-2.715( 19)+1. 486 -9) }, (119)
2where the frequency v is in GHz.
where the frequency v is in GHz.
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VII. ABUNDANCE AND VERTICAL DISTRIBUTION OF WATER VAPOR
FROM TOTAL ZENITH OPACITY SPECTRAL
MEASUREMENTS NEAR 22.2 GHz
Before the full potentialities of satellites in meteorological surveillance can be real-
ized, satisfactory schemes must be perfected to relate the radiation data that a satellite
might obtain to the parameters that are of interest to the meteorologist.
A great deal of work on inversion schemes has already been done. Geophysical
quantities that appear to be recoverable from radiation data are atmospheric tempera-
ture,48-54 the amount and vertical distribution of ozone, 5 5 the amount and vertical
distribution of water vapor, 3 9 ' 56-58 the spatial extent and liquid water content of
clouds,56, 59 surface temperature, 5 7 ' 60 sea "state", 61 the thickness of constant pres-
sure difference layers, 5 1 ' 62 and the existence of trace gases. 6 3
Thus far, information about atmospheric water vapor recovered from satellites has
come from work done, for the most part, in the infrared, primarily because for a long
time instrumentation has been available which is simple and compact and hence suitable
for satellite packaging.
The use of the infrared spectral region for studying atmospheric water vapor is sub-
ject to a serious limitation, however, which is imposed by clouds. Even thin clouds are
opaque to infrared radiation and restrict the region of the troposphere which is to be
explored by infrared sensors. Analysis of hemispheric pictures of the Earth taken from
space for percentage of cloud cover has revealed how much of a handicap this is.
The microwave region of the spectrum, on the other hand, has the advantage of
spanning a zone of frequencies within which clouds at the lower frequencies are essen-
tially transparent, and at the higher frequencies opaque. Below approximately 30 GHz
(1 cm) clouds rapidly lose the ability to absorb and scatter radiation; at higher frequen-
cies they rapidly become opaque. Quite fortuitously, the water-vapor resonance of
lowest frequency is centered near 1. 35 cm, and therefore is little affected by ordinary
cloud cover.
This circumstance has led naturally to the suggestion that microwave radiometry
should eventually be the most useful tool for determining information about atmospheric
water vapor from satellites. Probably this is true, but a satisfactory inversion scheme
must be perfected to relate the measurements to the water-vapor distribution. Several
problems, besides those inherent in the mathematical inversion process, must be
solved. For instance, there are the problems of background radiation and clouds, both
of which must be properly handled if accurate water-vapor information is to be extracted
from observations.
The problem of background radiation has been touched upon in Section III. The prob-
lem of clouds has been studied by Staelin. 5 6 He has shown that the weighting functions
for certain frequencies above and below the 22. 2 GHz resonance are almost identical
in the absence of clouds; how v r, the spectral effect of clouds is proportional to 1/k 2 .in the absence of clouds; e er, t e s tr l effect of cl s is r rti al to /X
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Therefore measurements that would otherwise be similar at the two frequencies are
modified in the presence of clouds. The modifications contain information about the
clouds which may be used to correct the spectral data.
Of the types of microwave measurements presented in Section III, the satellite mea-
surements, for the reasons just given, will be the most difficult to invert for informa-
tion about atmospheric water vapor. The surface-based measurements of the brightness
temperature spectrum will be the next most difficult to invert. There is not the complex
question of a variable background to contend with, but these measurements are inher-
ently nonlinear, because of the role of temperature in the absorption coefficient and in
the source function. The brightness temperature can never exceed the temperature of
the atmosphere; therefore, as the water-vapor abundance increases, the brightness
temperature near the center of the line at first will increase approximately linearly, then
asymptotically approach the kinetic temperature of the atmospheric water vapor. The
brightness temperature observed at frequencies in the wings of the line, however, will
seldom depart from a linear relationship with water vapor. The result is a nonlinear
spectrum.
The simplest of the measurements discussed in Section III to invert must be the
zenith opacity measurements; they are very nearly linear in water-vapor density at the
concentrations found in the atmosphere. Despite the relative simplicity of making them,
they retain many of the difficulties and problems which must be overcome if any set of
spectral measurements is to be inverted for the vertical distribution of water vapor.
Therefore, the problem of the inversion of opacity measurements has been chosen as
the subject of investigation here.
7. 1 THE OPTIMUM LINEAR ESTIMATOR
The scheme outlined below was suggested by Rodgers 5 1 for handling the problem of
inverting infrared spectral data to yield a profile of the atmospheric temperature. A
similar scheme has been proposed and investigated by Westwater and Strand. 6 4
Recall the shape of the zenith opacity weighting functions. Certain frequencies are
more sensitive to water vapor at a given height than other frequencies. That is, if the
water vapor is increased, say, at 16 km, the opacity measured on the ground at 21.9 GHz
will be relatively strongly affected, whereas the opacity measurement at 19. 0 GHz will
be relatively weakly affected. If, on the basis of measurements at these two frequencies
alone, we were forced to choose a water-vapor distribution, the choice at 16 km would
naturally depend more heavily on the 21. 9-GHz measurement. At levels near the sur-
face, we would be most likely to rely just as heavily on both frequencies. Using the
same reasoning and utilizing the quasi-linear nature of YH O0 with respect to water-vapor
2
density, we can write for any given level zi in the atmosphere a best estimate of the
water vapor at that level based upon measurements of zenith opacity at j frequencies
at the ground; that is,
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= D. .d., ~~~~~~~~~~~~~~~~(120)
Pi = Dijdj' (120)
i 1]
where Pi is the estimated mean density in the t h layer in the atmosphere, the d are
the opacity measurements, and Dij is some linear operator that transforms the spectral
data to an estimate of water vapor. The Dij change with height not only because p dimin-
ishes with height but also because the sensitivity of the various frequencies changes
with height. In full matrix form Eq. 120 becomes
p = Dd. (121)
Equation 120 as it stands does not provide a unique solution for the Pi because for
every set of d. opacity measurements there exists an infinite manifold of water-vapor
distributions which would produce those measurements. What is needed is a condition
on the Dij which defines the optimum estimate of the water-vapor distribution, given a
set of spectral measurements d.. A logical condition that suggests itself is to choose
the D in such a manner that the most probable water-vapor distribution that will pro-
duce a given set of d.'s is estimated. This condition can be written symbolically as the
minimization of the statistical mean-square error; that is, the minimization of the
expression
E[(p p)T(p -p)] = E[Q], (122)
where the once underlined quantities are column vectors, the symbol E represents the
expected value or statistical average of the square-bracketed quantity, the superscript
T stands for a matrix transpose, and Pi and Pi are the estimated and real water-vapor
densities in the ith layer in the atmosphere for a given radiosonde.
In order to utilize the condition established in expression (123), rewrite p in terms
of the matrix D (double underlining identifies a matrix) and the data vector d:
Q= [TDTDdTDd-dTDT + T p]. (123)
The condition for minimization becomes
8E[Q
aD-0. (124)
The result for any given ij is
0 = Ed.Dd+d TDTd.-pjd -di Pj (125)
which can be restored to full matrix notation as
= E[Ddd T-p dT]. (126)
For the equality to be satisfied (126) requires
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DE[dd ] E[pd ]. (127)
D is not a random variable and therefore has been placed outside the statistical-average
brackets. If we define a data correlation matrix Cd such that
C =E[dd ], (128)
=d
then a formal solution to the operator D may be written
D = E[pd T ] C1 (129)
-- I _d
A straightforward method of evaluating the right-hand side of (129) would simply be
to monitor simultaneously the spectral features of the atmosphere and its water-vapor
distribution in some suitable manner to establish the statistical averages of the required
correlations. This would not require any theoretical knowledge of the atmosphere-
spectral data relationship, but in most cases would be a costly and time-consuming
endeavor.
Another method that would eliminate the necessity of the simultaneous radiometer
measurements would be to rely on the known relationship between atmospheric conditions
and the spectral data to establish the needed correlations in (129). Old radiosonde data
would be as usable as new data to establish approximations to the statistical averages.
Further simplification ensues if the quasi-stationary nature of the weighting functions
is utilized. For that case a noiseless data vector can be written
d = Wp, (130)
where W is composed of elements W. which are average values of the weighting func-
tion at a given frequency, vj, over a vertical interval in which the average water-vapor
density is Pi, multiplied by that vertical interval Azi.
The total noisy data vector can be written
d = d + n, (131)
where the n are the expected noise levels in each radiometer channel. The data-
correlation matrix becomes
Cd E[dd] = E[(do+n)(do+n)t
= E dod + 2nd + nt. (132)
If there is no correlation between noise and data, then (131) reduces to
C = ~d + Eln t] = + (133)
in which C and C are the noiseless data-correlation matrix and the noise correlation
=o =n
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matrix, respectively. If the noise is uncorrelated from channel to channel, then
Cn
=
[nrns6rs], (134)
where rs is the Kronecker delta.
By using Eq. 129, C may be written
=
Finally, the statistical average of the water-vapor data correlation required in
Eq. 129 may be found from radiosonde data alone by making the substitution
T T
E[pd T ]= E _ d En)L W
E[ppTW+pnT ]
= C W. (136)UP=
The last expression results if there is no correlation between the water-vapor distribu-
tion and th e noise in the measurements.
If we draw everything together, the solution of D may be rewrittenT ~- 
DT = (Co+Cn)1 WC (137)
where Cn, C o ' W, and C are defined in Eqs. 134, 135, 130, and 135, respectively.
The form of the estimation equation for water vapor and the solution for the linear
operator D as exemplified by Eqs. 121 and 129 are optimum in the case of noiseless
data. By inspection of Eqs. 134 and 137, it is clear, however, that when noise is
expected the formulation is not optimum. To see this, consider the following argument.
The matrix that must be inverted in (137) is given by
A 1 = [C +C]-1. (138)
= -==n _
A 1 will approach zero as the expected noise approaches infinity. That is, DT will
be predicted to have no information as the noise overwhelms the measured data.
*In the face of excessive noise, this requires that p 0 , the null vector. But it
is quite obvious for this extreme case that the best estimate will be the mean water-
vapor profile, 2M.
To correct for this inconsistency, the original prediction equation can be modified
to read
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Ap = D'Ad (139)
P AP + PM (140)
_p= Ap +-M
which then returns no information about the deviation from the mean profile in the case
of excessive noise, leaving the best guess for this condition PM' as it should be.
Staelin6 5 has shown that an equivalent formulation to the two equations (139) and (140)
is
*
p = D, (141)
where d is now defined as
d = [1, d, d, ... ]T, (142)
and n is defined as
n= [0, n n2 , . *.. 1T.* (143)
Equations 141, 142, and 143, together with the definition of D given in Eq. 137 will
be known as the Optimum Linear Estimator (OLE).
7.2 EXTENSION OF THE THEORY FOR THE OPTIMUM
LINEAR ESTIMATOR
The statistical form of the OLE as expressed in Eqs. 141 and 129 is quite general.
Any parameter may be substituted for p and any set of data, homogeneous or hetero-
geneous, may be substituted for d. In fact, in cases in which the relationship between
some predictor and vector p and the measured quantities m used in a predictor vector
is nonlinear, the general expression of Eq. 120 is still valid. Now, however, it can
be written, following Staelin and Waters 6 7 and Staelin, 6 6 as
N
Pi DA (d), (144)
j=l J
where p remains the parameter of interest to be estimated, and +(d) is now a derivative
of the original data vector d. No restrictions are imposed on . In practice, however,
for inversion of spectral data, it is composed of higher order terms, and cross terms
from the original data vector d. D is the augmented linear operator.
=A
If Eq. 144 is employed, then the solution for DA is given by
DA = C(p, ) C ( (145)
where the correlation matrices are defined as
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Cij(x,y) = E[xiyj]. (146)
If one includes noise in the formulation as before, that is, d = d + n, then the correla-
-O
tions are given in complete form as
00
C ij(p =Cj{p, (do)}+ E k!EPi(nVd) =j( o), (147)
k= I odd
and
o00
Cij( , 4) = Cij[%(do), (do)] + E (n. )k i (d ) 8j(d)131- 0 0 1 kL d d= d'
k= 
where the Vd operator operates in d space.
The problem that the matrix C(_, ) is singular can arise. This frequently occurs
when many semi-independent data points are combined to form d, from which the aug-
mented data vector +(d) is constructed. When this matrix is singular, it has no inverse
and DA has no solution. Waters and Staelin6 6 have shown that an effective means of
circumventing this problem is, first, to diagonalize the matrix C(~, ) by choosing a
new augmented data vector ' derivable from the original _ by standard matrix opera-
tions. Those elements of ' having values less than the computational errors are then
discarded. Finally, a new equation for the estimation of p is written which uses the
restricted vector . The final solution is given by
p = {C(p, A) t C (+A ,s A)I f (d). (149)
_ _ _
Waters and Staelin have successfully used this technique to estimate the vertical
temperature profile of the atmosphere using synthetic brightness-temperature data. The
problem of using brightness temperature to infer atmospheric temperature is slightly
nonlinear. For spectral measurements taken in the 0. 5-cm region the proper use
of Eq. 149 in place of the analogue to (141) gives superior results.
7.3 IMPLEMENTATION OF THE OPTIMUM LINEAR ESTIMATOR
AND RESULTS
Because attenuation data taken near the water vapor resonance near 1.35 cm is
highly linear with respect to the total water vapor; that is, if one doubles the water-
vapor content in every layer, the measured values of Tmax will very nearly double,
Eqs. 141 and 137 will be adequate for exploring the properties of the OLE.
Several important features of the OLE are the following. (i) Data need not be only
radiometer data; it can be anything that is correlated in some manner with the distribu-
tion of water vapor. (ii) No relationship between the number of data points and the
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number of estimation levels is implied.
The first feature has been utilized for the results that will be presented by using the
measured surface water-vapor density as a data point. This would normally be easily
measured and is certainly an important piece of information in the estimation of the
water-vapor profile.
The second feature is helpful in easily establishing the optimum number of data chan-
nels to use.
The proper evaluation of the expected values of the various correlations that consti-
tute part of the solution to D require an infinite number of atmospheric soundings. For
the ensuing analysis only 34 atmospheric soundings were used to establish the statistics
for the inversion procedure. It is undoubtedly a sample that is large enough only to por-
tray the broadest characteristics of the OLE.
Most of the atmospheric water vapor is in the lowest two or three kilometers of the
troposphere, and therefore we have extended our predicted values of p to only 10 km.
The water-vapor estimates are the average values over -km slabs plus sometimes the
surface value. Therefore the index i runs normally from 1 to 10, or I to 11.
The number of data channels is varied from one to three. For illustration, if 5
channels are used and 10 layers, then the size of the various matrices would be the fol-
lowing:
d: 3 X 
p: 10 X 1
D: 10 X5
C: 10 X 11
Co C: 3 3
=n
W: 3 X 10.
The weighting functions used throughout the analysis are averages of the weighting
functions for all of the days with radiosonde data in a given season. In Fig. 47, these
average values are plotted. For the summer data, information, for the most part,
from channels at frequencies of 21.9 GHz, 23.5 GHz, and 29.45 GHz were used. They
appear as solid curves in Fig. 47. For the winter data, for the most part, information
from channels at frequencies of 19.0 GHz, 22. 235 GHz, and 23.5 GHz were used. They
appear as dashed lines in Fig. 47. The summer-to-winter variation in the 23. 5-GHz
weighting function may be noted; also note the close similarity between the 19. 0-GHz
and 29. 45-GHz weighting functions.
Several parameters can be varied in the OLE scheme: amount of expected noise;
number of data channels; and atmospheric statistics. We shall investigate the
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Fig. 47. Average weighting functions computed for use in the
Optimum Linear Estimator.
effects of varying each of these parameters. Finally, several days of real data from
the observations reported in Section IV will be inverted and analyzed.
7. 3. 1 Effects of Expected Noise on the Results of the
Optimum Linear Estimator
Data recovered from atmospheric spectral observations are never perfect. Even
if the atmosphere were perfectly stratified and unchanging in time, random noise would
still be introduced by the radiometer. Therefore it is of utmost importance to know
how any inversion scheme reacts to the inevitable errors that will be introduced.
The OLE considers noise as a quasi-weighting function for the data received. If
the scheme expects no noise, then the inversion will use the data to produce the most
detailed estimate of the water-vapor distribution of which it is capable. If noise is
expected in the data, the OLE treats the data more skeptically, relying more on the
mean statistics of the atmosphere contained in C.
To illustrate the effect of expected noise on the D operator, consider Figs. 48 and
49. Figure 48 is a plot of the D matrix when no noise is expected. At any level, it
is evident that the differences among values containing large numerical factors will
determine the estimated value of the water vapor. Small errors in any one channel will
cause large variations in these estimates.
In Fig. 49, the D matrix has been calculated under the assumption that the statisti-
cal average of the random noise in each channel is 0. 005 dB. Notice the drastic reduc-
tion in the abscissa scale. The expectation of a little noise has stabilized the solution
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HEIGHT (km)
NOISE = 0.0 dB
,23.50 GHz
-400 -300 -200 -100 0 100 200 300 400
D (gm -3 dB -1 )
Fig. 48. D matrix that expects no noise.
HEIGHT (km)
22.235
NOISE = 0.005 dB
23.50 GHz
-19.00
-20 -15 -10 -5 0 5 10 15 20
D (gm- 3 dB -1 )
Fig. 49. D matrix that expects 0. 005 dB of noise in each radiometer channel.
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substantially. Small errors in any one channel would be much less important if the
noise-stabilized D operator were to be used.
To illustrate the effect of noise on the water-vapor estimate itself, Fig. 50 has been
prepared. The solid curve is the radiosonde profile; the dotted curve is a result of
using the D operator that expects no noise; and the dashed curve portrays the expected
water-vapor profile when noise is expected in the data. The data input was calculated
from the radiosonde information; therefore, it represented essentially noiseless data.
in 
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0 4 8 12 16
WATER-VAPOR DENSITY (g/m 3 )
Fig. 50. Effect of expected noise on the inversion of noiseless spectral data.
The noiseless inversion is particularly good. It picks up the inversion near the sur-
face and faithfully follows the abrupt change in the vertical gradient between 3 km and
4 km in height. It even follows the trend of the data in the highest 4 km. The noisy
inversion is good, but many details are lost: the inversion is gone, and the profile is
considerably smoothed.
A general feature is evident in the smooth profile: for small values of noise the
noisy inversion always tends toward the shape of the mean profile of water vapor con-
tained in the diagonal terms of C . This can be understood by realizing that the noise
correlation matrix Cn contains only diagonal terms, and when added to C tends, for
-- n 
-- o
small values of noise, to enhance the diagonal terms of C . These contain information
=0
about the mean profile. Infinite noise would drive the solution to zero everywhere. This
last feature is undesirable and can be remedied by using Eqs. 141-143, as we have
pointed out. Then in the case of infinite noise a D operator that assumes infinite noise
merely returns the mean profile, as it should when no information except a priori
statistics is available.
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7. 3. 2 Effects of the Number of Data Channels on Inversion
Results
Figure 51 illustrates how an increase in the number of radiometer data channels
improves the inversion results. This figure is a plot of the rms error between observed
vapor profiles and profiles inferred from the radiometer data. Curve 1 shows the stan-
dard deviation in the atmospheric water-vapor statistics over the 34 radiosondes, in
order to provide a basis for judging the effectiveness of the inversions. Curve 2 illus-
trates the inversion results when using a single channel at 21. 0 GHz. Reduction from
the a priori standard deviation is good up to, perhaps, 4 km, then is somewhat poorer
above. The two-channel case (21. 0 GHz and 21. 9 GHz) offers substantial improvement
everywhere except at the surface, between 2 km and 3 km and at very high levels. The
three-frequency case shows no improvement over the two-frequency case. The inver-
sion of three frequencies of data was somewhat unstable, and, therefore, some expected
noise was introduced to reduce this instability.
The estimation of integrated water vapor was equally good in all configurations of
the inversion scheme. This illustrates the strong linearity between integrated water
vapor and attenuation at these frequencies.
The effect of introducing the surface measurement of the water-vapor density as a
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Fig. 51. Effect on the inversion statistics of the number of radiometer data channels.
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CASE FREQUENCY EXPECTED NOISE
(i) A PRIORI
( 21.9 0.005
23.5 0.005
29.45 0.005
O 21.9 0.005
23.5 0.005
29.45 0.005
ACTUAL NOISI
0.0
0.0
0.0
0.0
0.0
0.0
0.05 0.1 0.5
(gm 3 )
Fig. 52. Effect on the linear inversion process
of the surface water-vapor density.
CASE AVERAGE ST. DEV.
(O 1.93 g/cm2 ; 1.01 g/cm2
( 1.91 ;0.04
() 1.91 ;0.04
INCLUDES
BIAS
23 SUMMER
STATISTICS: { 11 WINTER
INVERSION: SAME
1 2 3 4 5 10
of including a measurement
INTEGRATED H2 0
: AVERAGE ST. DEV.
1.93 g/cm2 ; 1.01 g/cm2
1.91 ; 0.04
1.91 ; 0.06
1.92 ; 0.08
ISTICS: BOSTON 23 SUMMERRS  BST { 11 WINTER
:RSIONS: SAME
0.05 0.1 0.5 1 2 3 4 5 10
a (g/m )
Fig. 53. Effect of noise in the data on the inversion process.
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data point is illustrated in Fig. 52. As expected, the rms error at the surface is dra-
matically reduced. Furthermore, the inversion is improved slightly throughout the low-
est layers, because of correlations between the water vapor at the surface and at other
levels.
7. 3. 3 Effect of Noise in the Data on Inversion Results
All observed data are noisy. Therefore one of the important characteristics that
an inversion scheme should show is stability in the presence of noise in the data. Fig-
ure 53 illustrates the effect of noise on a set of inversions. In each case the linear oper-
ator D is computed with the expectation that randomly distributed noise will be added
to each true value of the water-vapor absorption which is being used in the inversions.
The characteristics of the simulated noise are Gaussian with zero mean and various
standard deviations: 0. 0 dB, 0. 005 dB, and 0. 01 dB. The expected noise in each case
is 0. 005 dB for both channels.
Figure 53 shows that inversion accuracy decreases for an increase in the noise, as
expected. But even for levels of noise which are double that expected (0. 01 dB actual
versus 0. 005 dB expected), the inversions remain quite stable and return substantial
information.
7. 3. 4 Effect of Incompatible Statistics
In Fig. 54 an example of the effect of highly incompatible statistics on the inversion
process is shown. The eleven winter radiosondes were used to derive all statistics for
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E 6
I
( 5
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0
INTEGRATED H20
OISE CASE AVERAGE a
A PRIORI 2.44 g/cm2 0.77 g/cm2
INVERSION 2.37 0.10
STATISTICS: BOSTON
11 WINTER RADIOSONDES
INVERSIONS: BOSTON
23 SUMMER RADIOSONDES
0.05 0.1 0.5 1 2 3 4 5 10
a (g/m 3 )
Fig. 54. Effect of incompatible statistics on the inversion produced
by the Optimum Linear Estimator.
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- 12 AUG. 65 RADIOSONDE
--- 0.05 dB, 0.3 g/m 3 INVERSION
INPUTS: 21.9, 23.5, 29.45 GHz, SURFACE
INTEGRATED H2 O
- 2.41 g/cm . ERROR = + 4.7 %
--- 2.52 MISMATCH = + 3.3 %
0 2 4 6 8 10 12 14 16
WATER-VAPOR DENSITY (g/m 3 )
Fig. 55. Inversion from observed spectral data taken on a summer day.
- 10 FEB. 66 RADIOSONDE
--- 0.05 dB, 0.2 g/m, INVERSION
INPUTS: 19.0, 21.0, 22.235, 23.5 GHz, SURFACE
INTEGRATED H20
- 2.15 g/cm2 } ERROR = -16.5%
__ 1.76 MISMATCH = -18.4 %
0 2 4 6 8
WATER-VAPOR DENSITY (g/m3 )
Fig. 56. Inversion from observed spectral data taken on a winter day.
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the Optimum Linear Estimator. They were predominantly of very low total water vapor
(average integrated water vapor: winter = 0. 89 g/cm2; summer = 2.44 g/cm2). The
statistics for the levels above 7 km did not exist and, therefore, these levels were
ignored. Even with these crude statistics, the inversions showed considerable improve-
ment over the climatology of the summer radiosondes (totally unknown to the estimation
technique) in the lowest 6 km. Above this level, the statistical information was too poor
to provide information over the summer climatology.
7. 3.5 Inversion of Real Radiometer Data
If one were to simply invert the spectral data collected and reported in Section IV,
it would be difficult to evaluate the results because, as we have shown, the radiosonde
data do not furnish a good standard of comparison. Therefore 2 days of spectral data
having reasonably closely matched radiosonde absorption spectra have been chosen to
illustrate the inversion of real data. One day is in summer, the other in winter.
Figure 55 shows the inversion of real radiometer data for the summer day. The
inversion profile is derived from a D matrix that expected 0. 05 dB of noise per chan-
3
nel and an error in the ground measurement of water-vapor density of 0. 3 g/m 3 . Because
of the high level of noise expected, the inversion shape approximates the mean profile
and, therefore, misses most of the secondary variations in the curve of the real profile.
The integrated water-vapor estimate is high by 4. 7%. The radiosonde absorption, how-
ever, was approximately 3. 3% below the observed attenuation. This could mean that
the integrated water-vapor estimation error might have been less than 4. 7%.
The winter inversion is shown in Fig. 56. Two substantial increases of water vapor
with height are not detected. Again the shape of the inversion curve is constrained by
the expected noise to a profile similar to the mean. The integrated water vapor is low
by 16. 5%. The mismatch, however, between observed attenuation and radiosonde absorp-
tion amounted to approximately 18. 4%, so that it is difficult to assess the true signifi-
cance of this poor estimation.
It is clear that the fine structure in the atmospheric water-vapor profiles will not
be recoverable from radiometer data. And, it is clear that with noisy data, most of
the major variations from the mean profile will also be difficult to detect. The inte-
grated water vapor and general profile, even with noisy data, however, should be gen-
erally accurate and, for most meteorological purposes, quite useful.
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APPENDIX A
Water-Vapor Rotational Spectral-Line Parameters
In Table 7, all of the constants that are needed to compute the absorption for the 54
lowest frequency rotational spectral lines of water vapor are listed. An asterisk indi-
cates that the frequencies have been experimentally determined; otherwise, they are
taken from Ghosh and Edwards.68 Term values are taken from Dennison. 2 7 Line
6
strengths are those computed by King, Hainer, and Cross.6 Linewidths for air are those
that Benedict and Kaplan 2 0 computed for nitrogen without correction. The temperature
exponents are also from Benedict and Kaplan. 2 0 The linewidths in water vapor are from
later work of Benedict and Kaplan 2 4 on oxygen and water vapor. Values in parentheses
in column 6 are estimates from graphs drawn on the basis of the tables of line strengths
7for various asymmetry parameters computed by Wacker and Pratto. Numbers in paren-
theses in columns 7-9 are estimates for the lines involved based on averages over sim-
ilarly arising lines.
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APPENDIX B
Absorption Coefficient for Oxygen
The regions of the electromagnetic spectrum in which we are chiefly concerned do
not include resonances of any other important atmospheric constituent. The wings of
the 5-mm complex of magnetic dipole resonances of oxygen, however, are strong enough
that their effect must be taken into account in the region near the lowest water-vapor
resonance at 1. 35 cm. Near 1. 64 mm the only absorption of potential consequence
besides that of the water-vapor resonance at 183 GHz is contributed by the high-
frequency wing of the single oxygen resonance near 2. 5 mm. The strength of the oxygen
absorption is so slight, however, when compared with the water-vapor absorption that
it may be safely neglected for all normal computations.
Since oxygen absorption cannot be totally neglected, it is necessary to provide a
working expression to compute its value under atmospheric conditions. The equations
482given here are taken from Meeks and Lilley,48 and they, together with Van Vleck,2
should be consulted for a detailed account of how the equations were derived.
The oxygen molecule has two electrons with unpaired spin. They contribute to a
magnetic dipole moment of total strength 2 Bohr magnetons and spin angular momentum
quantum number S = 1. The dumbbell-shaped oxygen molecule rotates end over end with
angular momentum described by odd values of the quantum number N, even values not
being permitted by the Pauli exclusion principle. The total angular momentum is the
vectorial sum between N and S. Therefore, for a given rotational quantum number N,
a total rotational quantum number J may have the values N-1l, N, or N+1, depending
upon the orientation of S with respect to N. Each of the states of total angular momen-
tum has slightly different energies. Selection rules allow transitions between (J=N) -
(J=N+1) and (J=N) - (J=N-1), the resonant frequencies of which all cluster about the
region of 5 mm, except for only one transition whose resonant frequency occurs near
2.5 mm.
The expression for the absorption by these fine-structure transitions is given by
yO (v, P, T) = C PT -3V2 SN exp(-EN/kT), (B. 1)
~2 N
where is the absorption coefficient for oxygen at a given frequency v, atmospheric
2
pressure P, and atmospheric temperature T. The summation is taken over all N
states of non-negligible population, usually up to N = 45. The definitions of the other
terms in (B. 1) are
S= F 2 + F 2 + (B. 2)
N = FN+N+ FNN_ + FoLN,
0
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in which N+ and N- refer to the transitions N -N+1 and N -N-1, respectively, and the
F and the have the meanings
FN 2V A+2V (B. 3)
N (VN-v) + Av 2 (vN+v)2 + Av2
2° (B.4)2
V + AV
2 N(2N+3)
+ ~~~~~~~~~~N ~~~+ ~~1 (B. 5)N+- N + 1
2 (N+1)(2N+1)
N (B. 6)
2 2Z(N +N+1)(2N+1)
'N (B. 7)
o N(N+1)
The argument of the exponential function may be written
EN/kT = . 06844N(N+1)/T. (B. 8)
For Yo to be given in decibels per kilometer, C1 takes the value
C = 2. 0058
when the pressure is in millibars, the temperature is in degrees Kelvin, and the fre-
quency is in gigacycles.
The linewidth Av, as in the case for water vapor, is proportional to the pressure,
but has peculiar properties, because of the very strong overlap of the various individual
lines at pressures found in the atmosphere below approximately 30 km. The expression
for the linewidth may be written
Av(P, T) = aP[O. Z1 + 0. 78P] , (B.9)
with the empirically derived values for a and as follows:
a = 1.44 MHz/mb
= 0.25; for z < H1 (P>356 mb)
P = 0.25 + 0.50 (h-H)/(H2 -H1 ); for H z H 2
= 0.75; for z > H 2 (P<25.3 mb),
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where z refers to height above ground, P the total pressure in millibars, and T the
temperature in degrees Kelvin.
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